Hyperbolic 2-Dimensional Manifolds 
with 3-Dimensional Automorphism GroupH 

A. V. Isaev 

In this paper we determine all Kobayashi-hyperbolic 2-dimensional 
complex manifolds for which the group of holomorphic automorphisms 
has dimension 3. This work concludes a recent series of papers by the 
author on the classification of hyperbolic n-dimensional manifolds, 
with automorphism group of dimension at least — 1, where n > 2. 



Introduction 

If M is a connected n-dimensional Kobayashi-hyperbolic complex manifold, 
then the group Aut(M) of holomorphic automorphisms of M is a (real) 
Lie group in the compact-open topology, of dimension d{M) not exceeding 

-|- 2n, with the maximal value occurring only for manifolds holomorphi- 
cally equivalent to the unit ball 5" C jKoT] . [Ka]. We are interested in 
describing hyperbolic manifolds with lower (but still sufficiently high) values 
of d{M). The classification problem for hyperbolic manifolds with high- 
dimensional automorphism group is a complex-geometric analogue of that 
for Riemannian manifolds with high- dimensional isometry group, which in- 
spired many results in the 1950's-70's (see [Ko2j for details). The principal 
underlying property that made the classification in the Riemannian case pos- 
sible is that the group of isometries acts properly on the manifold - see [MS] , 
|vDvdWj (a topological group G is said to act properly on a manifold 5" if 
the map G x S ^ S x S, {g,p) ^ [qP^p) is proper). In the case of hyperbolic 
manifolds, the action of the group Aut(M) is proper as well (see |Kolj . |Kaj ) . 
and, as in the Riemannian case, this property is critical for our arguments, 
despite the fact that our techniques are almost entirely different from those 
utilized for isometry groups. 

In |IKraj . jIT] we completely classified manifolds with < d{M) < 

+ 2n (partial classifications for d{M) = were also obtained in [GIKj and 
[KV]). Note that for d{M) = the manifold M may not be homogeneous, 
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which makes this case substantially more difficult than the case d{M) > n^, 
where homogeneity always takes place |Kaj . A further decrease in d{M) 
almost immediately leads to unclassifiable situations. Indeed, no reasonable 
classification exists for n = 2, d{M) = 2, in which case d{M) = — 2 
(observe, for example, that the automorphism group of a generic Reinhardt 
domain in is 2-dimensional) . While it is possible that there is some 
classification for n > 3, (i(M) = — 2, as well as for particular pairs n, 
(i(M) with (i(M ) <v? — 2 (see e.g. [GIK] for a study of Reinhardt domains 
from the point of view of the automorphism group dimension), the case 
(i(M) = — 1 is probably the only remaining candidate to investigate for 
the existence of an explicit classification for every ri > 2. It turns out that 
all hyperbolic manifolds with n > 2, d{M^ = v? — \ indeed can be explicitly 
described. The case n > 3 was considered in [I2j. The remaining case n = 2, 
d{M) = 3 is the subject of the present paper. 

For brevity we call connected 2-dimensional hyperbolic manifolds with 3- 
dimensional automorphism group (2,3)-'manifolds. For a (2,3)-manifold M, 
we work with the group G{M) := Aut(M)°, the connected identity compo- 
nent of Aut(M). Since the G(M)-action on M is proper, for every p E M 
its isotropy subgroup Ip := {/ G G{M) : f{p) = p} is compact in G{M) and 
the orbit 0{p) := {f{p) : / G G{M)} is a connected closed submanifold in 
M. Proposition 2.1 of [I2J gives (see Proposition 11.11 below) that for every 
p E M the orbit 0{p) has (real) codimension 1 or 2 in M, and in the latter 
case 0{p) is either a complex curve or a totally real submanifold. 

We start by observing that the case when no codimension 1 orbits are 
present in the manifold can be dealt with as in [12] and leads to direct prod- 
ucts A X 5*, where A is the unit disk in C and S is any hyperbolic Riemann 
surface with d{S) = (see Remark 11.21) . Thus, from Section [2] onwards we 
assume that a codimension 1 orbit is present in the manifold. Clearly, every 
codimension 1 orbit is either strongly pseudoconvex or Levi-flat. 

In Section [2] we give a large number of examples of (2,3)-manifolds. It 
will be shown in later sections that in fact these examples form a complete 
classification of (2,3)-manifolds with codimension 1 orbits. 

In Section [3] we deal with the case when every orbit is strongly pseudo- 
convex and classify all (2,3)-manifolds with this property in Theorem 13.11 
An important ingredient in the proof of Theorem 13.11 is E. Cartan's classifi- 
cation of 3-dimensional homogeneous strongly pseudoconvex Ci?-manifolds 
[C] , together with the explicit determination of all covers of the non simply- 
connected hypersurfaces on Cartan's list [l3]. The explicit realizations of 
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the covers are important for our arguments throughout the paper, especially 
for those in the proof of Theorem 15.11 in Section [5l Another ingredient in 
the proof of Theorem 13.11 is an orbit gluing procedure that allows us to join 
strongly pseudoconvex orbits together to form (2,3)-manifolds. 

Studying situations when Levi-fiat and codimension 2 orbits can occur is 
perhaps the most interesting part of the paper. In Section H] we deal with 
Levi-fiat orbits. Every such orbit is foliated by complex manifolds equivalent 
to A (see Proposition II. ip . We describe Levi-fiat orbits together with all 
possible actions of G{M) in Proposition l4.1l and use this description to classify 
in Theorem 14.31 all (2,3)-manifolds for which every orbit has codimension 1 
and at least one orbit is Levi-fiat. The proof of Theorem 14.31 uses the orbit 
gluing procedure introduced in the proof of Theorem 13. 1[ 

Finally, in Section [5] we allow codimension 2 orbits to be present in the 
manifold. Every complex curve orbit is equivalent to A (see Proposition ll.il) . 
whereas no a priori description of totally real orbits is available. The proper- 
ness of the G(M)-action implies that there are at most two codimension 2 
orbits in M (see |AAj ) . and in the proof of Theorem 15.11 we investigate how 
one or two such orbits can be added to the previously obtained manifolds. 
This is done by studying complex curves invariant under the actions of the 
isotropy subgroups of points lying in codimension 2 orbits. 

In fact, the arguments of the present paper yield not only a classification of 
(2,3)-manifolds as stated, but a classification of all connected 2-dimensional 
complex manifolds that admit a proper effective action of a 3-dimensional Lie 
group by holomorphic transformations. Some manifolds of this Icind are not 
hyperbolic and were excluded during the course of proof (for instance, any 
2-dimensional Hopf manifold admits an effective action of SU2, but is clearly 
not hyperbolic). In addition, we ruled out those hyperbolic manifolds for 
which the automorphism group has dimension higher than 3 (the automor- 
phism group of every such manifold has a closed 3-dimensional subgroup). 
Adding the excluded manifolds to our classification is straightforward and 
leads to a complete list of 2-dimensional complex manifolds with a proper ef- 
fective action of a 3-dimensional Lie group by holomorphic transformations. 
We leave details to the reader. 

Before proceeding, we would lilce to thank; Stefan Nemirovski for many 
useful discussions and especially for showing us an elegant realization of a 
series of manifolds that appear in our classification. 
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1 Initial Classification of Orbits 

In this section we list some initial facts about G'(M)-orbits that follow from 
the results of [12]. For p G M let Lp := {dpf : f G Ip} be the linear isotropy 
subgroup of p, where dpf is the differential of a map / at p. The group Lp 
is a compact subgroup of GL{Tp{M),C) isomorphic to Ip by means of the 
isotropy representation 

Ip > Lp, f I— > dpf, 

where Tp{M) is the tangent space to M at p. Proposition 2.1 of [I2J implies 
the following 

Proposition 1.1 Let M be a (2,3)-manifold. Fix p E M and let Vp := 

Tp{0{p)). Then the following holds: 

(i) the orbit 0{p) is either a closed real hypersurface, or a closed complex 
curve, or a closed totally real 2-dimensional submanifold of M; 

(a) if 0{p) is a real Levi-flat hypersurface, it is foliated by complex curves 
holomorphically equivalent to A, and there exist coordinates in Tp{M) such 
that with respect to the orthogonal decomposition Tp{M) = (Vp fl iVp)-^ © 
[Vp n iVp) we have Lp C {±ici} x L'^, where L'^ is a finite subgroup ofUi; 

(Hi) if 0{p) is a complex curve, it is holomorphically equivalent to A; fur- 
thermore, there exist coordinates [z, w) in Tp{M) in which Vp = {z = 0} and 
the identity component L^ of Lp is given by either the matrices 

( f ! ) • 

for some ki, k2 G Z, [ki, ^2) = 1, k2 ^ 0, or the matrices 

( ? ) • 

where \a\ = 1; 

(iv) if 0{p) is totally real, then Tp{M) = Vp® iVp, and there are coordinates 
in Vp such that every transformation from L^ has the form: Vi + iv2 ^ 
Avi + iAv2, Vi,V2 G Vp, where A G S'02(1R)- 
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Remark 1.2 Observe that if 0{p) is either a complex curve with given 
by fll.ip for A;i 7^ or by (11.21) . or a totally real submanifold of M, then there 
exists a neighborhood U of p such that for every q E U\0{p) the values at q 
of the vector fields on M arising from the action of G{M), span a codimension 

1 subspace of Tq{M). Hence in this situation there is a codimension 1 orbit in 
M. Therefore, if no codimension 1 orbits are present in M, then every orbit 
is a complex curve with given by (11.11) for ki = 0. In this case, arguing as 
in the proof of Proposition 4.1 of [I2j we obtain that M is holomorphically 
equivalent to a direct product A x 5", where is a hyperbolic Riemann surface 
with d{S) = 0. 

From now on we assume that a codimension 1 orbit is present in M. 

2 Examples of (2,3)-Manifolds 

In this section we give a large number of examples of (2,3)-manifolds. It will 
be shown in the forthcoming sections that these examples (upon excluding 
equivalent manifolds) give a complete classification of (2,3)-manifolds with 
codimension 1 orbits. 

(1) In this example strongly pseudoconvex and Levi-flat orbits occur. 

(a) Fix 6 G M, & 7^ 0, 1, and choose < s < t < oo with either s > or 
t < oo. Define 

Rb,s,t ■■= {{z,w) e : siRezf <Rew <t{Rez)\ Re^ > o} . (2.1) 
The group G{Rb^s,t) = Aut(i?b,s,t) consists of all maps 



' ^ + (2.2) 

w t-^ Aw + ^7, 



where A > and /3,7 G M. The G(i?b^s_t) -orbits are the following pairwise 
Ci?-equivalent strongly pseudoconvex hypersurfaces: 

of" := |(z,w) G : Rew = a{Rez)\ Rez > o| , s < a < t, 

and we set 

n ■■= Of\ (2.3) 
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For every 6 G M we denote the group of maps of the form (12. 2p by Gb- 

(b) If in the definition of Rb.s,t we let — oo < s < < t < oo, where at least 
one of s, t is finite, we again obtain a hyperbolic domain whose automorphism 
group coincides with Gb, unless b = 1/2 and t = —s (observe that Ri/2,s-s 
is equivalent to the unit ball). In such domains, in addition to the strongly 
pseudoconvex orbits O^*' for suitable values of a (which are allowed to be 
negative), there is the following unique Levi-flat orbit: 

Ci := {{z,w) e : Re^ > 0, Rew = O} . (2.4) 



(c) For 6 > 0, 6 7^ 1, -oo <s<0<t<oo define 

Rb,s,t ■■= Rb,s,oo U |(^,w) e : Rew >t{-Rez)\ Rez < o| U Oi, 
where 

Oi := {iz,w) e : Rez = 0, Rew > O} . (2.5) 

The group G{Rb^s,t) = -^'^^{Rb,s,t) coincides with Gb, and, in addition to 
strongly pseudoconvex orbits Ci?-equivalent to r^, the Levi-fiat hypersurfaces 
Oi and Oi are also G^-orbits in Rb,s,t- 

(2) In this example strongly pseudoconvex orbits and a single Levi-flat orbit 
arise. 

(a) For < s < t < oo with either s > or t < oo define 

Us,t ■= ^{z,w) e -.Rew -In (sRew) < Re z < 

Re w ■ In {tRe w) , Rew > 

The group G{Us^t) = Aut(f/s j) consists of all maps 



(2.6) 



z \z + {\\nX)w + i(3, , . 

w I— » \w + ^7, 

where A > and /?,7 G M. The (^(f/^^J-orbits are the following pairwise 
Ci?-equivalent strongly pseudoconvex hypersurfaces: 

:= {{z,w) G : Rez = Rew ■ In {oRew) , Re w > O} , s < a <t. 
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and we set 

e := Of. (2.8) 
We denote the group of all maps of the form (12. 70 by 0. 

(b) For — oo <t<0<s<oo define 

Us,t = Us,oo U {(z,u7) G : Rez > Rew ■ In(tRew) , Rety < O} U Oi. 

The group G{tJs^t) = Aut(f/s t) coincides with 0, and, in addition to strongly 
pseudoconvex orbits Ci?-equivalent to ^, the Levi-fiat hypersurface Oi is also 
a C5-orbit in f/^ 

(3) In this example strongly pseudoconvex orbits and a totally real orbit 
occur. 

(a) For < s < t < oo define 

&s^t ■■= {iz,w) G : s < (Re^)^ + (Rewf < t} . (2.9) 
The group G{&s,t) consists of all maps of the form 

where A G 5*02(1^) and /5,7 G M. The G(©s^t)-orbits are the following 
pairwise Ci?-equivalent strongly pseudoconvex hypersurfaces: 

O® := {iz,w) G : (Rezf + (Rewf = a} , s < a < t, 

and we set 

X:=Of. (2.11) 
We denote the group of all maps of the form (12.101) by 71^. 

(b) For < t < oo set 

©J := {{z,w) G : (Re 2)^ + {Rewf < t} . (2.12) 

The group G{&t) coincides with 71^^, and, apart from strongly pseudoconvex 
orbits Ci?-equivalent to its action on &t has the totally real orbit 

O2 := {iz,w) G : Rez = 0, Reu; = O} . (2.13) 
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(4) In this example we explicitly describe all covers of the domains &s,t and 
hypersurface x introduced in (3) (for more details see [13]). Only strongly 
pseudoconvex orbits occur here. 

Let : ^ be the following map: 

z 1-^ exp (Re z) cos (Im z) + iRe w, 
w I— > exp (Rez) sin (Imz) + ilmw. 

It is easy to see that $x°°'' is an infinitely-sheeted covering map onto \ 
{Re 2; = 0, Re If = 0}. Introduce on the domain of $x°°^ complex 
structure defined by the condition that the map $x°°^ is holomorphic (the 
pull-back complex structure under $x°°^), and denote the resulting mani- 
fold by Mi°°\ Next, for an integer n > 2, consider the map from 
\ {Rez = 0, Rew = 0} onto itself defined as follows: 

z I— > Re( (Re z + iRew)^] + ilm z, 

y ni (2-14) 

w ^— > lmi{Rez + iRew)^]+ilmw. 

Denote by M^' the domain of with the pull-back complex structure 
under $x 



(n) 

X • 

For < s < t < 00, n > 2 define 



©i"^ := |(z,w) G Mf^ s^/" < (Re^)^ + (Rew)^ < t^/"} , 
eif := {iz,w) G M^^ : (lns)/2 < Re;^ < (lnt)/2} . 



(2.15) 



The domains S^"'' and are respectively an n- and infinite-sheeted cover 
of the domain Gs,t- The group G ^©^"^ j for n > 2 consists of all maps 



cos ■ Re 2; + sin -i/^ ■ Re w+ 

i ( cos{nip) -Imz + sm(nip) -Imw + P 



w I— —sinip - Rez + cos ■ Re w+ 

i ^— sm{nip) ■ Im 2 + cos^nip) ■ Im w + 7 



(2.16) 
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where i>,P,^ G IR. The G ^©^"^^ -orbits are the following pairwise CR- 
equivalent strongly pseudoconvex hypersurfaces: 

O®^"^ := [(z,w) e M^^^ : (Re;^)' + (Rewf = a} , s^/" <a< t^'"", 

and we set 

x("):=Of'"' (2.17) 
(this hypersurface is an n-shcctcd cover of x). 
The group G [&^^^^ consists of all maps 



z ^ z + 

w I— > e'^w + a, 



(2.18) 



where p e R, a e C. The G (^6^^^) -orbits are the following pairwise CR- 
equivalent strongly pseudoconvex hypersurfaces: 

0®'°°' {{z,w) e M;(°°) -.Rez^a}, (lns)/2 <a< (lni)/2, 

and we set 

X^-) := Ot^' (2.19) 
(this hypersurface is an infinitely-sheeted cover of x). 

(5) As in the preceding example, only strongly pseudoconvex orbits occur 
here. 

Fix 6 > and for < i < oo, e~'^'^H < s < t consider the tube domain 

Vb,s,t := {{z,w) e : se'^ < r < te'^} , (2.20) 

where (r, 0) denote the polar coordinates in the (Re 2;, Re w) -plane with 
varying from —00 to 00 (thus, the boundary of Vb,t,s^R'^ consists of two spirals 
accumulating to the origin and infinity). The group G{Vb^s,t) = Aut(Vb_s^t) 
consists of all maps of the form 

^ \ . . ^hip ( costp simp \ f z \ ^ . ( (3 



..o^ ....^ . +^K ' (2-21) 
w J y —smip cosip J yw J \ 7 / 

where ip,P,^ G M. The G(V5^s^f)-orbits are the following pairwise CR- 
equivalent strongly pseudoconvex hypersurfaces: 

Ol» ■= {{z,w) eC^ :r ^ae^^} , s<a<t, 
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and we set 



Pb := (2.22) 



(6) In this example strongly pseudoconvex orbits and a totally real orbit 
arise. 

(a) For 1 < s < t < oo define 

Es,t := |(C : -2 : G CP2 : s\C + z"^ + w'^\ < |CP + \z\^ + |wp < 



t\e+z^+w^\y 

The group G{Es^t) = Aut(i?s,f) is given by 



(2.23) 



(2.24) 



where A G S'03(R). The orbits of the action of the group G(i?s,t) on Eg^t are 
the following pairwise CR non-equivalent strongly pseudoconvex hypersur- 
faces: 

s < a <t. ^ ' ' 
We denote the group of all maps of the form (12.241) by IZ^. 
(b) For 1 <t < oo define 

Et := \^{C-z:w)e CP^ : |Cp + \z\^ + \w\^ < t|C' + z^ + «^'|}. (2.26) 

The group G{Et) coincides with IZ^, and its action on Et has, apart from 
strongly pseudoconvex orbits, the following totally real orbit: 

C3 := MP2 c CP^ (2.27) 



(7) Here we explicitly describe all covers of the domains Eg^t and hypersur- 
faces iia introduced in (6) (for more details see [13]). As we will see below, 
to one of the covers oi En a. totally real orbit can be attached. 
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(a) Let be the variety in given by 

zl + zl + zl = l. (2.28) 
Consider the map : \ {0} — defined by the formulas 

zw — wz 



Zl = —i(z +w ) +1- 



zV- + |t/;p' 



2 2 
Z2 = Z — W 



Zs = 2zw + 



zw + wz 
Izl"^ + liyP 



\z\ 


2 _ 


\w\ 


\z\ 


|2 + 


\w\ 



This map was introduced in [Rj. It is straightforward to verify that $^ is 
a 2-to-l covering map onto Q+ \ M^. We now equip the domain of $^ with 
the pull-back complex structure under <l>^ and denote the resulting complex 
manifold by 

For 1 < s < t < oo define 

^i? := Uzi,Z2,Z3) eC^ : s <\zi\^ + \Z2\^ + \z^\^ <t'jnQ+, 

Ef} := \{z,w) G Mlf^ : ^{s-l)/2 < \z\^ + \w\^ < (2.29) 

These domains are respectively a 2- and 4-sheeted cover of the domain Eg^t, 
where E^} covers by means of the map \E'^ : {zi,Z2,z^) {zi : Z2 : z^) 
and Efl covers Eg^t by means of the composition \['^ o <|>^. 
The group G [E'fJ^ consists of all maps 



(2.30) 



where A e SO^^iR). The G (^^ij) -orbits are the following pairwise GR 
non-equivalent strongly pseudoconvex hypersurfaces: 

:= {(;2i,Z2,^3) e : l^i^ + |;z2p + ksP = a} n Q+, s < a < t (2.31) 













'I] 
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('2') 

(note that fXa is a 2-sheeted cover of /i^)- We denote the group of all maps 

(9) 

of the form (IZSOD by 7^)^. This group is clearly isomorphic to TZ^. 
The group G (^E^'^^^ consists of all maps 

:)"^(;)- p.32) 

where A G S'f/2. The G ^ii^f^^^^ -orbits are the following pairwise CR non- 
equivalent strongly pseudoconvex hypersurfaces: 

■= ^^{z,w) e M^^) : + = V(a - 1)/2| , s<a<t (2.33) 

(note that /ia"* is a 4-sheeted cover of Ha)- 
(b) For 1 < t < 00 define 

^ := {(;2i, Z2, ^3) e C : l^il^ + \z2\^ + \zs\^ < t} H Q+. (2.34) 

The group G (^Ej:'^^^ coincides with 7l^^\ and, apart from strongly pseudo- 

(2) 

convex orbits, its action on E^ has the totally real orbit 

04:= {{xi,X2,X3) eR^ ■.xl + xl + xl = l} = Q+nMl (2.35) 



(8) In this example strongly pseudoconvex orbits and a totally real orbit 
arise. 

(a) For — 1 < s < t < 1 define 

n^^t ■= |(-2,w) G : sl^^ + w;^ - 1| < |2p + |wp - 1 < 

tlz"^ + -1\ 

The group G{Qs,t) consists of all maps 



(2.36) 



Z \ \ 0-21 a22 J \ w J \ b2 
w ) Ciz + C2W + d 



(2.37) 
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where 

(an ai2 h 
a2i a22 b2 I e 502,i(M)". (2.38) 
Cl C2 d 

The orbits of G{Qs,t) on Qs,t are the following pairwise CR non-equivalent 
strongly pseudoconvex hypersurfaces: 



{{z,w) G : \z\^ + \w\^ - 1 = a\z^ + - 1|}\ 
{(x, m) G : + = 1} , s < a <t. 



[2.39) 



We denote the group of all maps of the form (12.371) by TZu- 

(b) For -1 < t < 1 define 

rit := {iz,w) G : \z\^ + \w\'^ - 1 < t\z^ + - 1|} . (2.40) 

The group G{Qt) for t < 1 coincides with TZu, and its action on fit, apart 
from strongly pseudoconvex orbits, has the totally real orbit 

O5 := {{x,u) G : x^ + M^ < 1} C C^. (2.41) 

We note that Qi is holomorphically equivalent to (see (11) (c) be- 
low); hence it has a 6-dimensional automorphism group and therefore will be 
excluded from our considerations. 

(9) In this example strongly pseudoconvex orbits and a complex curve orbit 
occur. 

(a) For 1 < s < t < 00 define 



Ds,t ■■= \^{z,w) eC^ : s\l + z"^ -w^\ <1 



t\l + z 



2 



w'^l, lm{z{l + w)) > o|, 



(2.42) 



where -Ds,oo is assumed not to include the complex curve 

O := {{z,w) e C'^ : I + z'^ - = 0, lm{z{l + w)) > O} . (2.43) 
For every matrix Q G 5*02,1 (IR)° as in fl2.38p consider the map 

0-22 h \ f z \ f a2i 



z 



C2 d I \ w J V Cl 



w J ai2Z + biw + au 



(2.44) 
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The group G{Ds^t) = Aut(Ds^t) consists of all such maps. The orbits of 
t) on Ds^t are the following pairwise CR non-equivalent strongly pseu- 
doconvex hypersurfaces: 

Va '■= i (-2, w) G : 1 + — IwP = all + 2;^ — w^l, 

^ . (2.45) 

lm{z{l + w)) > > , s<a<t. 

We denote the group of all maps of the form (12.44^ by 7^^ (note that 7^,, is 
isomorphic to TZ^). 

(b) For 1 < s < 00 define 

D, := Uz,w) eC^ : l + \z\'^ -\w\'^ > s\l + -w"^], 

^ ^ (2-46) 

lm{z{l + w)) > 0|, 

The group G{D^) = Aut{Ds) coincides with TZ^. Apart from strongly pseu- 
doconvex orbits, its action on Ds has the complex curve orbit O. 

(10) In this example we explicitly describe all covers of the domains ^ls,t, 
Ds t and the hypersurfaces Ua, rj^ introduced in (8) and (9) (for more details 
see [13]). Only strongly pseudoconvex orbits occur here. 

Denote by (2:0 '■ Zi : Z2 : 23) homogeneous coordinates in CP^; we think 
of the hypersurface {^o = 0} as the infinity. Let Q_ be the variety in CP'^ 
given by 

zl + z',-zl = zl (2.47) 

Next, let {( : z : w) he homogeneous coordinates in CP^ (where we think of 
the hypersurface {( = 0} as the infinity), and let 

J: := {{C ■■ z : w) e CF'^ : \w\ < \z\} . (2.48) 

For every integer n > 2 consider the map from S to Q_ defined as 
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follows: 



\zr — \wr 



(2.49) 



Z2 = Z" - Z"~^W^ + 



\w\ 



+ IwP 



Z3 = -2iz^-'w-i \ ' ' C- 

— 

The above maps were introduced in [13] and are analogous to the map $^ 
defined in (7). Further, set 

:= G : < l^r- < 1}, 

4"^ := {(^,i/;)gC2: |^|"-|z|-2|u;|2>l} ^' ^ 

(both domains lie in the finite part of CP^ given by C = !)• Clearly, 
Av\ A^^ C S for all n > 2. Let $1"^ and be the restrictions of 
to and respectively. It is straightforward to observe that and 
$^ are n-to-1 covering maps onto 



*Ai/ . 
and 

Ari 



\{zi,Z2,Zi) eC^ : -1 < + |z2p- ksP < 1, 

Imz3 < o| n Q_ 

= I (2:1, 2:2, 2:3) e : + |z2p - |Z3P > 1, 

Im(z2(^+^i)) > 0} n Q_, 



(2.51^ 



:2.52) 



respectively (both domains lie in the finite part of CP^ given by zq = 1). 
We now introduce on AIJ^\ AI,'^^ the pull-back complex structures under the 
maps ^ri^\ respectively, and denote the resulting complex manifolds by 
Mi"\ Mi"). 

Further, let A : C x A ^ S fl {C = 1} be the following covering map: 

^ ^ (2.53) 
w ^— 5> e w. 
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where z E C, w E A. Define 

:= {(2,w) G : |«;| < 1, exp(2Rez)(l - < 1}, 

Ur^ := {lz,w) eC"^ : \w\ <1, exp{2Rez){l- \w\'^) > 1} . 

Denote by A^, the restrictions of A to U,,, 11^^, respectively. Clearly, U,, 

(2) (2) 

covers M^, by means of A,^, and Uy covers by means of A.^. We now 
introduce on 17^, Ur, the pull-back complex structures under the maps A^, A^, 
respectively, and denote the resulting complex manifolds by Mi°°\ M^°°\ 
For — 1 < s < t < 1, n > 2 we now define 



s,t 



(2.54) 



V(i + l)/2 

fii;) := {{z,w)eMl,-^:^{s + l)/2< 

exp (2Re2) (1 - < ^{t + l)/2\. 

The domain fi^"'*! "n. > 2, is an ra-sheeted cover of the domain Qs,t introduced 

in (8) and the domain Q^^^ is its infinitely-sheeted cover. The domain Q^J^} 

covers ^ls,t by means of the composition \E'^ o ^IT-* , where \E'^ is the following 

1-to-l map from to : (2:1,^25^3) ^ {zi/ z^, Z2/ Z3); the domain fi^^^ 

(2) 

covers ^ls,t by means of the composition o ' o A,y. 
The group G ^f^i"^^ consists of all maps of the form 



z ^ z \j {a + bw/z)'^, 

(2.55) 

b + aw/z „r ~7 

w I— z ; — \ (a + bw/ z) , 

a + bw/z V ^ ' ^ ' 

where jap - |6|2 = 1. The G (^(^i^^^) -orbits are the following pairwise CR 
non-equivalent strongly pseudoconvex hypersurfaces: 



(n) 



{z,w) e M^"^ : l^l" - = ^(a + l)/2 

s < a < t 



(2.56) 



(note that is an ra-sheeted cover of z/^). We denote the group of all maps 
of the form (12351) by 7^("). 
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The group G (^^^^^ consists of all maps of the form 

z (-^ z + \n{a + bw), 

- (2.57) 

b + aw ^ ^ 

a + ow 

where \a\^ - \b\^ = 1. The G (^fi^^^^) -orbits are the following pairwise CR 
non-equivalent strongly pseudoconvex hypersurfaces: 



(oo) 



[{z,w) G M^°°) : exp(2Re;2) (1 - \w\^) = ^{a + l)/2} , 



s < a < t 



(note that uj^^ is an infinitely-sheeted cover of z/q,). We denote the group of 
all maps of the form fl2.57p by 7l^°°\ 

Next, for 1 < s < t < oo, n > 2 we define 



^(2) 



|(2l,Z2,^3) G : S < |zi|2 + |Z2P - |-23P < t, 

lm{z2{z{+z^)) > o} n Q 
|(z,w) G M^"^ : ^(s + l)/2 < - \z\''~^\w\'^ < 

V(i + l)/2 

[iz,w)eMt^ ■.^is + l)/2< 

exp (2Rez) (1 - \w\^) < v/(t + l)/2l 



:2.59) 



The domain D^g^\ > 1, is a 2n-sheeted cover of the domain Dgt introduced 

in (9) and the domain D^^^ is its infinitely-sheeted cover. The domain Df] 

covers Dg t by means of the map which is the following 2-to-l map from 

Ar^ to : {zi, Z2, z^) (Z2/ Zi, Z3/ Zi); the domain -D^^"^ for n > 2 covers 

Ds^t by means of the composition o the domain D^!^^ covers Ds^t by 

(2) 

means of the composition o ^ o A^. 

To obtain an n-sheeted cover of Dg^t for odd n > 3, the domain D^f^^ 
must be factored by the action of the cyclic group of four elements generated 
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by the following automorphism of Mrj 



(2n). 



1 — \w\'^/\z\'^ + z~'^"-w/ z 



2\2 



l + z'^'^-^w{l - 


\w 




?) 




w\ 







^ ^ ^ ^/^ , X (2-60) 










2 . 


+ z- 


"^^w/ z 






1 - 1 


w\ 




|2)2 _ 1 



Let n^") denote the corresponding factorization map andM^^"^ := H^") (^M^^"^ 

Then d'^'} := n*^"^ ^D^^"^ j is an n-sheeted cover of Ds^t- 

The group G (^Df^^ consists of all maps of the form (12.301) with A G 
5*02,1 We denote this group by TZ^^^ (observe that TZ^^'^ is isomorphic 
to TZr, - see (I231D). The G (D'^^^y orbits are the following pairwise GR 
non-equivalent strongly pseudoconvex hypersurfaces: 



„(2) 



|(zi,22,23) e A : kip + - ksP = \/{aTl)/2, | 



' I ' 

s < a < t 



(2.61) 



(note that r]a^ is a 2-sheeted cover of rja). For n > 2 the group G (j^ff^ 
coincides with 7^ (see (12.551) ). where we think of elements of 7^*^"-' as maps 
defined on -D^^"'' rather than on fi^"'*. The G ^D^^"'*^ -orbits are the following 
pairwise GR non-equivalent strongly pseudoconvex hypersurfaces: 



Va""^ := {{z,w) e M^") : - l^p-^p = ^(« + l)/2 

s<a<t, n>2 



(2.62) 



(note that rja^^ is a 2n-sheeted cover of r^^)- 

Next, the group G ^D^"^ j fo^' odd n > 3 consists of all lifts from the 

domain -Di^oo to -D["2d — ^r?^"'' of all elements of 7^^ (see (I2.44p ). This group 
is isomorphic to TZ^^\ Note, however, that the isotropy subgroup of every 
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point under the action of this group on D^J^^ consists of two points, whereas 

the action of T^^"-* on -D^^"^ is free (observe also that the isotropy subgroup 
of every point under the action of TZr^ consists of two points and that the 
action of TZ^^'^ on D^^J is free). This difference will be important in the proof 
of Theorem 13.11 (see step (II) of the orbit gluing procedure there) . 

The G (^Di"^^) -orbits are the following pairwise CR non-equivalent strongly 
pseudoconvex hypersurfaces: 

r/i") := n„ {v^^^^) , s<a<t (2.63) 
(note that rj^^ is an n-sheeted cover of rja). 



Finally, the group G (^D[°^^j coincides with 71^°°'' (see (12.571) ). where we 
think of the elements of 71^°°"^ as maps defined on -D^^'* rather than on ^^^^^ 
The G -orbits are the following pairwise GR non-equivalent hyper- 



surfaces: 



|(z,w) eMi~^ :exp(2Rez)(l-|w;|2) = v/(« + l)/2} , ^ 



2.64) 

s < a <t 



(here rla^^ is an infinitely-sheeted cover of r/o 



(11) Here we show how a Levi- flat and complex curve orbit can be attached 
to some of the domains introduced in (8) and (10). 

(a) It is straightforward to show from the explicit from of for n > 2 (see 
(12.491) ). that the complex structure of m'^^ extends to a complex structure 
on 

:= {(C : 2 : ^) G CP^ : - l^r^Vl' > iCl"} • 
The set at infinity in ^rf' is 

:= {(0 : ;z : w) G : \w\ < |^|} , (2.65) 
and we have ^J"^ = ^J"^ U O^^") (see f l230|) l Let M.'f denote ^J"^ with 

~ in) 

the extended complex structure. In the complex structure of M)^ the set 
is a complex curve whose complex structure is identical to that induced 
from CP^. The action of the group (see (12.551) ) extends to an action by 
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holomorphic transformations on Mr} , and O^^") is an orbit of this action. 
The map has ramification locus on O^^") and maps it in a 1-to-l fashion 
onto the complex curve 

:= \{0:zi:Z2:z3)eCF^:zl + zl-z'l = 0, 

^ ^ (2.66) 

Im(z2(^ + ^)) > 0|. 

Note that O^^) jg 7^(^)-orbit (clearly, 7^(^) acts on all of Q_ - see (10)). 
For 1 < s < oo and all n > 1 define 

^(2n) ._ j^(2n) ^ Q{2n) _ (2.67) 

The group G^Z^i^^^j (with the exception of the case n = 1, s = 1) coincides 

with 7^("^ for all ra; its orbits in D^^"''' are the strongly pseudoconvex hyper- 
surfaces i^a^"* for a > s (see (12.621) ) and the complex curve 0^'^^\ The map 

is a branched covering map on D^^^ , has ramification locus on O*^^-' , maps 
it in a 1-to-l fashion onto the complex curve O G (see (12. 43^ ). and takes 
ni^^ onto Dg. Similarly, for n >2, the map \E'.^ o is a branched covering 
map on Df^\ has ramification locus on O^^"^ and takes D^s'^'' onto Dg. 

We note that Df^ = U O^^-* (see (12.521) ) is holomorphically equivalent 
to (see (11) (c) below), hence it will be excluded from our considerations. 



(b) Fix an odd n G N, n > 3, and let F*^") be the cyclic group of four elements 
generated by the obvious extension of automorphism (12.601) to M^^^ = d[^"\ 
The group F^") acts freely properly discontinuously on M^^"^ C M^^'^^ and 
fixes every point in (9*^^"^ It is straightforward to show that the orbifold 
obtained by factoring M^^"^ by the action of F^") can in fact be given the 
structure of a complex manifold (we denote it by Mr^"^) that extends the 
structure of M,}^^ (see (10)). The extension of the map 11^"^ (see (10)) 
is holomorphic on all of M,^^"\ has ramification locus on O^'*"^ and maps 
onto a complex curve in a 1-to-l fashion (note that 

Mrf''^ = M^^"^ U 0(")). The covering map from M^}"^ onto Di^^o (see ([232])) 
extends to a branched covering map from M'r}"-^ onto Di (see ([MS])) with 
ramification locus 0^"'\ and takes O^"'^ onto O (see (12.431) ) in a 1-to-l fashion. 
For 1 < s < oo define 

Din) ._ j^(n) (^J:,(^n)^^ . (2.68) 



Hyperbolic Manifolds with 3-Dimensional Automorphism Group 



21 



The group G ^-Oi""* j is isomorphic to TZ^""^ and consists of the extensions 

from Di% = Di"^ \ to D^"^ of all elements of the group G (^Di%^ . The 

G (D^^)-orbits are the strongly pseudoconvex hypersurfaces t]^^ with a > s 
(see (12.631) ) and the complex curve 0^'^\ 
(c) Define 

M(i) := ^;^(^^l) U Z^f ^ U Oi^\ (2.69) 

where 

:= \{z^,Z2,Zs) eC'\R' ■.\zz, + Z2\ = \zzs-l\, 

, , , , 1 (2.70) 

\izi — Z2\ = \iz3 + 1|, Imzs < ^ n Q_ 

(see (10) for the definition of and (I2.47P for the definition of Q-). Clearly, 
M*^^) is invariant under the action of the group 7^(l) (defined in (10)) on Q_. 
We will now describe the orbits of the 7^*^^)-action on M^^\ The hypersurfaces 
rja^ for a > 1 (see (I2.6ip ) and 



(1) 



{(2:1, 2:2, 2:3) G : + = «} n Q_ 



for — 1 < a < 1 are strongly pseudoconvex orbits (note that is equivalent 
to Ua (see (12.391) ) by means of the map \l/j,); the hypersurface O^^ is the 
unique Levi-fiat orbit; the surfaces 

Ce := 1(^1,^2,^3) e iW^ : Imz3 < 0} n Q_ (2.71) 

and O^^-* are codimension 2 totally real and complex curve orbits, respectively 
(observe that ^;^(fii) = A U (see fl23T|) ) with Og = ^^H^s) (see 

dMID)). 

The manifold M^^) can be mapped onto A x CP^ C CP^ x CP^ by the 
inverse to a variant of the Segre map. @ Let [{Zq : Zi) , {Wq : Wi)] denote two 
pairs of homogeneous coordinates in CP^ x CP^, where the infinity in CP^ is 
given by the vanishing of the coordinate that carries index 0. Consider the 
following map S from CP^ x CP^ to CP^: 

zo = i{ZoWo-Z,Wi), 

zi = ZoWi + ZiWo, 

Z2 = i{Z^W^-Z^W,), 

z^ = Z^W^ + ZrW^. 



■'■We are grateful to Stefan Nemirovski for sho-wing us this realization of M^^^. 
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It is straightforward to see that this map takes A x CP^ biholomorphically 
onto M^^\ Under the inverse map S^^ the action of TZ^^'^ on M*-^-* is trans- 
formed into the following action of SUi^i/{±id} ^ TZ^^^ on A x CP^: the 
element ^fjiid} G SUi^i/{±id} acts on the vector {Zq : Zi) by applying the 
matrix g to the vector and on the vector {Wq : Wi) by applying the matrix 'g 
to it. The map takes the orbit O*^^ into the St/i^i/liidj-orbit A x dA, 
the orbit Oq into 

{[{1:Z),{1:Z)],\Z\<1}, 

and the orbit O^"^^ into 

{[(1:Z),(1:1/Z)],0<|Z|<1}U{[(1:0),(0:1)]}. 
The domain is mapped by onto A x A and D^'^ onto 

A X (^{(1 : W), \W\ > 1} U {(0 : 1)}) 

(hence each of D^^ is equivalent to A^). For more general examples of 
this kind arising from actions of non-compact forms of complex reductive 
groups see |AGj . [FHj . 

It is clear from the above description of M^^^ that in order to obtain a 
hyperbolic 7^*^^ ^-invariant submanifold of M^^^ containing the Levi-flat orbit 
Oq , one must remove from M*^^) an 7?. -invariant neighborhood of either 
Oq or 0^'^\ Namely, each of the domains 



2)S 



^;Ha,i)u/^f^uoi'\ -l<s<l, 
u D^^l u 1< t < oo, 

u u -1 < s < 1 < t < oo, 

where s = — 1 and t = oo do not hold simultaneously, 



is a (2,3)-manifold of this kind (see (I236D . (ICTj) . fl239|) ). Observe here that 

^;i(fi,,i) = |(2;i, 2:2,^3) e C3 : s< \zi\^ + \Z2\^ - \zs\^ < 1, 

Im^s < o| n Q_. 

Each of the groups G (^Si^^) = Aut (^dF) , G (^Sj^^) = Aut (©i^^) , G 
Aut (S)S) coincides with 7^(^). 



Hyperbolic Manifolds with 3-Dimensional Automorphism Group 



23 



(d) We now consider covers of 

^%oo ■■= U d'^I U O?). (2.73) 

For n > 2 the domain S \ C^^") (see (jMH])) is an n-sheeted cover 
with covering map We equip S \ O*^^"^ with the pull-back complex 

structure under This complex structure extends the structure of each 

of M^"\ M^"^ (see (10)) and can be extended to a complex structure on all 
of S. Let M*^") be the domain E with this extended complex structure. The 
map takes M^") onto 

has ramification locus on O^^") and maps it in a 1-to-l fashion onto 0^'^\ 

Clearly, the group acts on M("). We will now describe the orbits of 
this action. The hypersurfaces for — 1 < a < 1 (see fl2.56p ) and r/i^"^ for 
a > 1 (see (I2.62p ) are strongly pseudoconvex orbits; the hypersurface 

O*,") := {{z,w) G M(") : - l^p-Vl' = l} (2-74) 

is the unique Levi-flat orbit (Ci?-equivalent to A x dA for every n and 
covering O^^ by means of the n-to-1 map $(")); the complex curve (9'-^"^ is 
the unique codimension 2 orbit. 

We now introduce the following domains in M*^"); 

:= |(C : 2 : w) G M(") : - > ^/(^TT)72|Cr| = 

Si"^ := |(C : 2 : w) G M(") : y/ {s + I) /2\C\'^ < - \z\''-'^\w\'^ < 

V(t + 1)/2|C|"| = U Dg"^ U -1 < s < 1< t < oo, 

where s = — 1 and t = oo do not hold simultaneously 

(see (12.541) . (12.591) ). Each of these domains is a (2, 3) -manifold. Each of 
the groups G (^D^"^) = Aut (^S)i"^), G = Aut (^©1"^) coincides with 

Next, C X A is an infinitely-sheeted cover of dL^J ^ with covermg map 
A (see (12.531) ). We equip the domain C x A with the pull-back complex 
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structure under A and denote the resulting manifold by M^°°\ Clearly, the 
complex structure of M^'^^ extends the structure of each of mI°°\ M^°°^ (see 
(10)). The group 7^(°°) (see ( 12371) ) acts on M(°°), and the orbits of this 
action are the strongly pseudoconvex hypersurfaces for —1 < a < 1 (see 
fl238D ) and r/i°°^ for a > 1 (see fl2.64p ). as well as the Levi-flat hypersurface 

:= {{z,w) e M(°°) : exp(2Rez)(l - \w\^) = l} (2.75) 

(note that is Ci?-equivalent to Ci - see dMD). 
We now introduce the following domains in M*^°°^: 

:= l^{z,w) gM(°°) : exp(2Rez) (1 - > ^y{s + l)/2^ = 

5)^7^ := |(2,w) e M(°°) : y/{s + l)/2 < exp(2Rez) (1 - \w\'^) < 

v/(t + l)/2| = nif U D[f U Ot\ -1 < s < 1< t < cx), 
where s = — 1 and t = oo do not hold simultaneously 

(see f l2.54p . (12.591) ). Each of these domains is a (2,3)-manifold. The groups 
G (S)i~^) = Aut G = Aut (siX^) all coincide with 7^(°°). 



3 Strongly Pseudoconvex Orbits 

In this section we give a complete classification of (2,3)-manifolds M for 
which every G(M)-orbit is a strongly pseudoconvex real hypersurface in M. 
In the formulation below we use the notation introduced in the previous 
section. 



THEOREM 3.1 Let M be a (2,3)-manifold. Assume that the G{M)-orbit 
of every point in M is a strongly pseudoconvex real hypersurface. Then M 
is holomorphically equivalent to one of the following pairwise non-equivalent 
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manifolds: 



(i) Rb,s,t, beR,\b\>l,b^ 1, with either s = 0, t = 1, or 

s = 1, 1 < t < oo; 

(a) Us^t, with either s = 0, t = 1, or s = 1, 1 < t < oo; 

(Hi) &s,t, with either s = 0, t = 1, or s = 1, 1 < t < oo; 

(iv) with either s = 0, t = 1, or s = 1, 1 < t < oo; 

(v) &^^t , n > 2, with either s = 0, t = 1, or s = 1, 1 < t < oo; 

(vi) Vb's,i, b>0, with e'^^'' < s < 1; 

(vii) Eg^t, with 1 < s < t < oo; 
(via) EfJ, with 1 < s <t < oo; 

(ix) Ef), with 1 < s < t < oo; 

(x) ils,t, with -1 < s < t < 1; 

(xi) ni'^\ with -1 <s <t<l; 

(xii) n'^"}, n>2, with -1 < s < t < 1; 

(xiii) Dg^t, with 1 < s < t < oo; 

(xiv) D^^\ with 1 < s < t < oo; 

(xv) n>2, with I < s <t <oo. 



Proof: In [U] E. Cartan classified all homogeneous 3-dimensional strongly 
pseudoconvex Ci?- manifolds. Since the G(M)-orbit of every point in M 
is such a manifold, every G'(M)-orbit is Ci?-equivalent to a manifold on 
Cartan's list. We reproduce Cartan's classification below together with the 
corresponding groups of Ci?-automorphisms. Note that all possible covers 
of the hypersurfaces Xi /^a; and rja appear below as explicitly realized in 

m- 

(a) 

(b) := ^V^m, m e N, m > 2; 

(c) (T := e : Rew = I^P}; 

(d) Eb := {{z,w) e C2 : Rez = |u7|^ w ^ O} , b > 0; 

(e) uj := {{z,w) E : Re z = exp (Rew)} ; 

(f) 5 := G C2 : |w| = exp(|;z|2)}; 

(g) n, 6 G M, |6| > 1, M 1 (see (Q); 

(h) ^(seedMD); 
(j) X (see (EUD); 
0') (see dm); 

(j") n > 2 (see (m); 
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(k) pb,b>0 (see ([122])); 

(1) a > 1 (see I^MY, 

(r) a > 1 (see fl^ ): 

(F) a > 1 (see ([231])); 

(m) -1 < a < 1, (see (I239D ): 

(m') z/i°°\ -!<«<!, (see (1^ ): 

(m") -1 < a < 1, n > 2 (see ([236])); 

(n) r/„, a > 1, (see ([MS])); 

(n') a > 1, (see (EH])); 

(n") r^i"^ a > 1, n > 2 (see ([MI]), (1212]), (1213])). 

The above hypersurfaces are pairwise CR non-equivalent. The corre- 
sponding groups of C-R-automorphisms are as follows: 

(a) Autcj:j(S'^) : maps of the form (12.371) . where the matrix Q defined in 
I^Ml belongs to SU2,i ; 

(b) AutcRiCm),m>2: 



z 
w 



U 



z 
w 



where U G U2, and [(-2,w)] G Cm denotes the equivalence class of {z,w) G 
under the action of embedded in U2 as a subgroup of scalar matrices; 



(c) Autci?,((T) : 



z H-> Xe'^'^z + a, 

w A^w + 2Ae*%z + |ap + i7, 



where A > 0, 7 G M, a G C; 
(d) AutcRieb) : 



\z + ip 
z ^ ■ — , 

Ij^Z + K 
{tflZ + nf/^ 



(3.1) 



(3.2) 
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where A, /3, fi, K,ip G M, Ak + = 1; 
(e) AutcR(a;) : 

Xz + i(3 

IjjiZ + K 

w I— i> w — 2 \n{i^z + k) + i'j, 
where A, P, /z, k, 7 G M, Ak + = 1; 

z \—>- e^'^z + a, 

w ^ e^^ expi^e^'^az + \a\^^w^ 

where ^, 6' G M, a G C; 

(g) Autcfl(rb) : the group (see (Q); 

(h) kntcRii) : the group (see (EI!)); 

(j) AutcR(x) is generated by 71^ (see f l2.10p ) and the map 

2; z, 
w I— s> — w; 

(j') AutcR is generated by maps fl2.18p and the map 



(j") Autcj? (x*'"^) , n >2, is generated by maps (12.161) and map 
{k)AutcR{pb) ■■ see (E^D); 
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(1) Autcij(/ia) : the group (see (EMD); 



(r) AutcR ( /io "* ) is generated by maps fl2.32p and the map 

z^zl"^ + Iwp) — w 



Z ^ I 



^ATI^ 



2;p + Ityp)^ 



. wi\z\ + \w\ ) + z 



(1") AutcR ( /ia ■* ) is generated by TZ^^^ (see fl2.30p ) and the map 



zi ^ -zi, 

zi ^ -^2, (3.6) 
2:3 ^ -^3; 



(m) AutcR(t'a) is generated by 11,1, (see (12.371) ) and map (13. 5p : 



(m') AutcR j is generated by T&^'^ (see (12.571) ) and the map 



2 + In 



1 + e2^w;(l - 


\w\ 




V^l -exp (4Rez) (1 - 




\w\ 


2^ 



w + e2^(l - 1 






1 + e2^w;(l - 
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(m") AntcR ('^a"'') ^ > 2 is generated by TZ^"'^ (see f l2.55p ) and the map 



Z Z 



w 



1 + - |w|V|;z|2)y 

\ 1 - - \w\y\z\^y 



w/z + — 


w\ 






1 + - 









X 



1 + - I^IVI^P))' 

1 - |^|2"(1 - |«;|2/|2|2)2 



(n) Autci?(r?a) : the group (see (EUD); 



n') Autcj? f^^cT''* ) is generated by 7^*^°°^ (see (12.570 ) and the map 



z ^— > 2z + z + \n.\ i 



1 - \wV + e ^''w 



i/exp (4Re2:) (1 - |w|2)2 - 1 



1 + e^'^wil - 




?) 


W + e2^(l — 







n") Autcj? iva^) is generated by T^^^-* (see (10)) and map fl3.6p : 
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(n") AntcR (^Va^^^ n > 2 is generated by TZ^'^^ (see (12.551) ) and the map 



w 



1 — Iwl"^ /\z\'^ + z "^w/z^ 

|w|7|^|2)2-l 



1 + ^"-1^(1 - 


\w 


IVk 


?) 


w/z + z^(l — 


w\ 


Vkl 





X 



\ 



1 — |w|2/|2;|2 + z~^w/z^ 

U|2nn - U|2/UP)2 - 1 ' 



(n") Autcij (^Va^^^ , n > 3 is odd : this group is isomorphic to 7?.*^"^ and 

consists of all lifts from the domain -Di^oo (see (12 .421) ) to Mrj"'^^ (see (10)) of 
maps from 7^^ (see (12.441) ). 



We will now show that the presence of an orbit of a particular kind in 
M determines the group G{M) as a Lie group. Fix p E M and suppose 
that 0{p) is Ci?-equivalent to m, where m is one of the hypersurfaces listed 
above in (a)-(n"). In this case we say that m is the model for 0{p). Since 
G{M) acts properly and effectively on 0(p), the Ci?-equivalence induces an 
isomorphism between G{M) and a closed connected 3-dimensional subgroup 
Rm of the Lie group Autc_R(m), that acts transitively on m (note that the 
Lie group topology of Aut(7ij(m) coincides with the compact-open topology 
- see e.g. |Schj ). The subgroup a priori depends on the choice of CR- 
equivalence between 0{p) and m, but, as we will see below, this dependence 
is insignificant. 

We will now list all possible groups R^ for each model in (a)-(n"). In the 
following lemma V denotes the right half-plane {zGC:Re2;>0}. 
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Lemma 3.2 We have 

(A) = AutcRimf, if m is one of (g)-(n"); 

(B) Rs3 is conjugate in AutcniS^) to SU2] 

(C) Rc^ = SU2/{SU2nZm),m>2; 

(D) Rcr is the Heisenberg group, that is, it consists of all elements 
of AutcR{cr) with X = 1, ip = in formula ( 13. Jj) : 

(E) Rs^ either is the subgroup of AutcR{£b) corresponding to a subgroup 
of Aut{V), conjugate in Aut(V) to the subgroup T given by 

z^Xz + i(3, (3.7) 

where A > 0, /? G M, or, for b E Q, is the subgroup 5Jf, given by ip = 
in formula ( I3.2|) : 

(F) R^ either is the subgroup of AutcR{uj) corresponding to a subgroup 
of Aut(V) conjugate in Aut(V) to the subgroup T specified in (E), 
or is the subgroup 5Joo given by 7 = in formula ( 13. 3|) : 

(G) Rs coincides with the subgroup of AutcniS) given by ip = in 
formula ( I3.4|) . 

Proof: Case (A) is clear since in (g)-(n") we have dim Autc_R(m) = d{M) = 
3. Further, in case (B) the orbit 0{p) is compact and, since Ip is compact 
as well, it follows that G{M) is compact. Thus -R53 is compact, and hence 
it is conjugate to a subgroup of U2, which is a maximal compact subgroup 
in Autc_R(>S'^)- Since Rs3 is 3-dimensional, it is in fact conjugate to SU2, as 
required. In case (C) the group Rc^ is of codimension 1 in Autcij (Cm) = 
U2/Zrn, hence Rc^ = SU2/{SU2 n Z„). 

Further, (D) and (G) follow since R^j and Rs act transitively on a and 5, 
respectively. In cases (E) and (F) note that every codimension 1 subgroup of 
Aut('P) is conjugate in Aut(P) to the subgroup T defined in (13. 7p . The only 
codimension 1 subgroups of Autci?(£b) and KntcRioj) that do not arise from 
codimension 1 subgroups of Aut(P) are QJ^ and 23oo, respectively. Observe, 
however, that 23;, is not closed in Autc_R(£fe) unless 6 G Q. 

The lemma is proved. □ 

Lemma 13.21 implies, in particular, that if for some point p G M the model 
for 0{p) is S^, then M admits an effective action of SU2- Therefore, M is 
holomorphically equivalent to one of the manifolds listed in |IKru2] . However, 
none of the (2,3)-manifolds on the list has a spherical orbit. Hence we have 
ruled out case (a). 
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We now observe - directly from the explicit forms of the Ci?-automorphism 
groups of the models listed above - that for each m every element of Autc/j(m) 
extends to a holomorphic automorphism of a certain complex manifold 
containing m, such that every i?^-orbit O in is strongly pseudoconvex 
and exactly one of the following holds: (a) O is Ci?-equivalent to m (cases 
(b)-(k)); (b) O belongs to the same family to which m belongs and the Rm- 
orbits are pairwise CR non-equivalent (cases (l)-(n")). The manifolds 
are as follows: 

(b) Mc^ = C2 \ {0}/Z^, m > 2; 

(c) = C^; 

(d) = {{z,w) e : Re^ > 0, w ^ 0}; 

(e) = {{z,w) eC^:Rez> 0}; 
{f)Ms = {{z,w)eC^:wj^O}- 

(g) Mr, = {{z,w) e : Re^ > 0, Rew > 0}; 

(h) = {{z,w) e : Rew > 0}; 

(j) M^ = C^\ {{z,w) e : Re;^ = 0, Rew = 0}; 
(j')M^(..)=M(°°) (see (4)); 

(j")M^(„)=M("\n>2(see(4)); 

(k) Mp, = \ {{z,w) e C2 : Re^ = 0, Rew = 0}; 

(1) = |J/Xa = Cp2\MP'; 

a>l 
a>l 
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(1") M^(.) = U = Q+\R' (see (M); 

a>l 

(m) M,^ = y zy„ = (see ^M); 

-l<a<l 

(m')M^,..)= U = M(-) = r^Lti (see (EMD); 

-l<Qf<l 

(m")M^,„, = U z/W = M(")=fiLti, ri>2(see(l231); 

-l<a<l 

(n) M,^ = U = ^1'- (^^^ 

a>l 

(n') M^(..) = U r/i-) = ) = (see (ESI)); 

(n") M^,.) = U r^(2) = (see (EIS])); 

(n") M^,.„, = U r/i^") = M(") = Z^g, n > 2 (see (1239])); 

q:>1 

(n") M^,„) = U r/(") = M;(") = n > 3 is odd (see (10)). 

In each of cases (b)-(k) every two i?m-orbits are Ci?-equivalent (and 
equivalent to m) by means of an automorphism of of one of the simple 
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forms specified below: 



(b) 


[{z,w)] ^ 


[{az, aw)], a > 0; 


(c) 


z ^ z, w y- 


w + a, a & W; 


(d) 


z >—>■ az, w 


1— > w, a > 0; 




in l r\ \ ' 
db 111 I LI J , 




(f) 


z ^ z, w y- 


-> aw, a > 0; 


(g) 


as in (f); 




(h) 


z 1— > az, w 


1— > aw, a > 0; 


(j) 


as in (h); 




(j') 


z ^ z + a, 


w 1— > e"w, a e M 



0" ) z ^ aRe z + ia"Im z, w ^ aRe w + ia"Im w, a > 0; 
(k) as in (h). 

We will now show how strongly pseudoconvex orbits can be glued to- 
gether to form (2,3)-manifolds. The procedure comprises the following steps. 



(I) . Start with a real hypersurface orbit 0{p) with model m and consider a 
real-analytic Ci?- isomorphism / : — > m. Clearly, / satisfies 

fi9q)=^{9)fiq), (3-9) 

for all g G G{M) and q G 0{p), where </? : G{M) is a Lie group 

isomorphism. 

(II) . Observe that / can be extended to a biholomorphic map from a G{M)- 
invariant connected neighborhood of 0{p) in M onto an i?„^-invariant neigh- 
borhood of m in the corresponding manifold M^. If G{M) is compact (in 
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which case m is one of with m > 2, /i^, fia , fia with a > 1), then 
every neighborhood of 0{p) contains a G(M)-invariant neighborhood. In 
this case, we extend / biholomorphically to some neighborhood of 0{p) (this 
can be done due to the real-analyticity of /) and choose a G(M)-invariant 
neighborhood in it. 

We now assume that G{M) is non-compact. In this case it will be more 
convenient for us to extend the inverse map ^ := f~^. First of all, extend 
^ to some neighborhood ?7 of m in to a biholomorphic map onto a 
neighborhood W of 0{p) in M. It can be seen from the explicit form of 
the i?Tn-action on Mm that U can be chosen to satisfy the following condition 
that we call Condition (*): for every two points Si, S2 G f/ and every element 
h G Rm such that hsi = S2 there exists a curve -y C U joining Si with a point 
in m for which h'-f G U (clearly, h'y is a curve joining S2 with a point in m). 

To extend ^ to a _Rm-iiivariant neighborhood of m, fix s G f/ and Sq G 
0{s), where 0{y) denotes the i?nT-orbit of a point y G M^. Choose Hq G 
such that So = hos and define d{so) := ip~^{hQ)^{s). We will now show that 
^ is well-defined. Suppose that for some Si,S2 G U and /ii,/i2 G Rm we 
have So = hiSi = h2S2- To show that v^~"'^(/ii)5'(si) = V'~^(/i2)i?(s2) we set 
h := /i^^/ii and, according to Condition ( * ), find a curve 'j C U that joins 
si with a point in m and such that hj C U. 

Clearly, for all g G m we have 

d{hq)=y^-\hMq). (3.10) 

Consider the open set h^^U fl U and let Uh be its connected component 
containing m. For q E Uh identity (13.101) holds. It now follows from the 
existence of a curve 7 as above that si G Uh- Thus, (13.101) holds for q = si, 
and we have shown that is well-defined at so. The same argument gives that 
for So G ?7 our definition agrees with the original value ^^(so). Thus, we have 
extended to U' := Us£uO{s). The extended map is locally biholomorphic, 
satisfies (I3.10p . and maps U' onto a G'(M)-invariant neighborhood W of 0{p) 
in M. We will now show that the extended map is 1-to-l on an i?m-invariant 
neighborhood of m contained in U'. 

Suppose that for some so, s'q G U', sq 7^ Sq, we have 5^(so) = 5^(so). This 
can only occur if so and s'q lie in the same i^m-orbit, and therefore there exist 
a point s E U and elements h, h' G -Rm such that So = hs, s'q = h's. Then 
h ^^h ^ Jg and '^^^{h ~^h) G /^(s), where Js denotes the isotropy subgroup 
of s under the i?m-action. At the same time, we have ip~^{Js) C I:s{s)- Thus, 
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^S{s) contains more points than Jg. Observe also that if m' is the model for 
O (i^(s)), then R^' is isomorphic to Rm- 

Assume first that 0{s) is non-spherical. It follows from the explicit forms 
of the models and the corresponding groups (see Lemma I3.2p that if for two 
locally C-R-equivalent non-spherical models mi, m2 the g roups Rxni and Rxxi2 
are isomorphic and the isotropy subgroup of a point in mi contains more 
points than that of a point in m2, then mi = rji^^ and m2 = rja^^ for some a 
and odd n > 1 (here we set rja^ := rja)- Hence 0{s) = r]a"'\ and the model 
for 0(^(s)) is r/i"^ for some a and odd n > 1; consequently, m = t]^^"''* for 
some (3. If there is a neighborhood of p not containing a point q such that 
the model for 0{q) is some Tf]'^\ then is biholomorphic on an i?,Ti-invariant 
open subset of U' . Suppose now that in every neighborhood of p (that we 
assume to be contained in W) there is a point q such that 0{f{q)) = rj!^"'^ 
and the model for 0{q) is rj^^ for some 7. Note that Ig consists of two 
elements and J/(g) is trivial. Choose a sequence of such points {qj} C W 
converging to p. Let gj be the non-trivial element of Iq.. Since the action 
of G{M) on M is proper and Ip is trivial, the sequence {gj} converges to 
the identity in G{M). At the same time, the sequence {f{qj)} converges 
to f{p) and therefore (f{gj)f{qj) lies in U for large j. For large j we have 
'S{ip{gj)f{qj)) = qj. Since ^{gj) is a non-trivial element in i?^, the point 
<p{gj)f{qj) does not coincide with f{qj). Thus, we have found two distinct 
points in U (namely, f{qj) and f{gj)f{qj) for large j) mapped by ^ into the 
same point in W, which contradicts the fact that ^ is 1-to-l on U. 

Assume now that 0{s) is spherical. It follows from the explicit forms 
of the models and the corresponding groups (see Lemma 13. 2p that if for 
two spherical models mi, m2 the groups Rmi and i?ni2 isomorphic and 
the isotropy subgroup of a point in mi contains more points than that of a 
point in m2, then mi = En/k^, Rm^ = ^n/ki, and m2 = en/k2, -Rma = ^n/k2, 
where n,ki,k2 G N, {n,ki) = 1, (n, /C2) = 1, > ^2- Hence m = en/fe2) 
0{s) is equivalent to en/k2 by means of a map of the form (d) on list (13.81) . 
and the model for 0{^{s)) is En/ki for some n, ki, k2 as above. If there is a 
neighborhood of p not containing a point q such that the model for 0{q) is 
some En/k, with A; G N, {n,k) = 1, k > /c2, then ^ is biholomorphic on an 
i?na-invariant open subset of U'. Suppose now that in every neighborhood of 
p (that we assume to be contained in W) there is a point q such that the 
model for 0{q) is En/k, with A; G N, {n,k) = 1, k > /c2- Choose a sequence 
of such points {qj} C W converging to p. Since the action of G{M) on 
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M is proper, the isotropy subgroups Iq- converge to Ip. Every subgroup /, 



sequence of indices {j} there is a sequence of elements {gj^} with gj^, e Ig.^, 
'^idjk) ^ "^fiiik) ^"^^ ^v^ch. that {gj^} converges to an element of Ip. Arguing 
now as in the non-spherical case, we obtain a contradiction with the fact that 
^ is 1-to-l on U . 

Hence we have shown that / can be extended to a biholomorphic map 
satisfying (13. 9p between a G(M)-invariant neighborhood of 0{p) in M and a 
-RtTi-invariant neighborhood of m in M^. 

(III) . Consider a maximal G(M)-invariant domain D G M from which there 
exists a biholomorphic map / onto an i?^-invariant domain in satisfy- 
ing (13. 9p for all g G G{M) and q E D. The existence of such a domain is 
guaranteed by the previous step. Assume that D ^ M and consider x e dD. 
Let mi be the model for 0(x) and let /i : 0{x) — > rrii be a real-analytic 
Ci?-isomorphism satisfying (13.91) for all g G G(M), q G 0{x) and some 
isomorphism ipi : G{M) R-^^ in place of ip. As in (II), extend /i to a bi- 
holomorphic map from a connected G(M)-invariant neighborhood V of 0{x) 
onto an i?rn^-invariant neighborhood of rrii in M-^^. The extended map satis- 
fies (13. 9 p for all g G G(M), q E V and ipi in place of (p. Consider s G V O D. 
The maps / and /i take 0(s) onto an i?m-orbit m' in and an i?m^-orbit 
m[ in M^rij, respectively. Then F := fi o establishes a Ci?-isomorphism 
between m' and Therefore, mi lies in Mm, that is, we have = Mm^. 
Moreover, F is either an element of Autci?(Tn') (if m' = m'^), or is a compo- 
sition of an element of AutcR(nx') and a non-trivial map from list (13.80 that 
takes m' onto m'^ (if m' 7^ m'^); the latter is only possible in cases (b)-(k). It 
now follows from the explicit forms of C-R-automorphisms of the models and 
the maps on list (13.81) that F extends to a holomorphic automorphism of M^. 

(IV) . Since 0{x) is strongly pseudoconvex and closed in M, for V suffi- 
ciently small we have V = Vi U V2 U 0{x), where Vj are open connected 
non-intersecting sets. Furthermore, if V is sufficiently small, then each Vj is 
either a subset of D or disjoint from it. Suppose first that there is only one 
j for which Vj C D. In this case V (ID is connected and V\{DU 0{x)) 7^ 0. 
Setting now 





on D, 
on V, 



(3.11) 
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we obtain a biholomorphic extension oi f to D U V. By construction, / 
satisfies (13. 9p for g G G{M) and q E D U V . Since D UV is strictly larger 
than D, we obtain a contradiction with the maximality of D. Thus, in this 
case D = M, and hence M is holomorphically equivalent to an i?„^-invariant 
domain in (all such domains will explicitly appear below). 

Suppose now that Vj G D for j = 1, 2. Applying formula (13.111) to suit- 
able /i and F, we can extend /|vi and f\v2 to biholomorphic maps /i, /2, 
respectively, from a neighborhood of 0{x) into M^; each of these maps sat- 
isfies (13.91) . Let xhj := fj{0{x)), j = 1, 2. Then dD = rhi Um2, rhi 7^ m2, and 
M\0{x) is holomorphically equivalent to D. The map F := f2°fi^ is a CR- 
isomorphism from fhi onto m2 (hence m is one of the hypersurfaces occurring 
in cases (b)-(k)), and M is holomorphically equivalent to the manifold Mp 
obtained from D by identifying rhi with m2 by means of F. Since the action 
of Rjn on M\0{x) extends to an action on M, the map F is /2m-equivariant. 
In each of cases (b)-(f) this implies that F extends to a holomorphic auto- 
morphism of of a simple form (similar to the corresponding form on list 
(13. 8p ). Let r denote the group of automorphisms of generated by F. It 
follows from the explicit forms of F and in each of cases (b)-(f) that 
r acts freely properly discontinuously on and that covers M, with 
r being the group of deck transformations of the covering map. Observe, 
however, that for every m the manifold is not hyperbolic. Next, in cases 
(g)-(k) the -Rm-equivariance of F implies that F = id, which is impossible. 
These contradictions show that exactly one of Vj, j = 1,2, is a subset of 
D, and hence M is holomorphically equivalent to an i?rn-invariant domain in 



All hyperbolic i?,T;-invariant domains in each of cases (b)-(n") are de- 
scribed as follows: 



(b) S, 



m,s,t 



{{z,w) eC^ : s < \z\^ + \w\^< t} /Z„ 



< s < t < 00; 

(c) {{z,w) eC^ : s + |zp < Rew <t + \z\'^}, -00 < s < t < 00; 



(3.12) 



(d) mb,s,t ■■= {iz,w) e : s\w\'' < Rez < t\w\\ w ^ O}, 

< s < t < 00, where s = and t = 00 do not hold (3.13) 
simultaneously; 
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(e) yis^t '■= {{z,w) G : sexp (Rew) < Re^; < texp (Rew)}, 

< s < if: < oo, where s = and t = oo do not hold 
simuhaneously; 

(f) {{z,w) e : sexp {\z\'^) < \w\ < texp (l^:^)}, < s < t < oo; 

(g) Rb,s,t, < s < t < oo, where s = and t = oo do not hold simultaneously 
(see' ([21])); 

(h) Us^t, < s < t < oo, where s = and t = oo do not hold simultaneously 
(see O); 

(j) &s,t, < s < t < oo (see (jM])); 

(j') 6i^\ < s < t < oo (see fl2J[5|) ): 

(j") ei"\ 0<s<t<oo,n>2 (see (12151) ): 

(k) Vb,s,t, < t < oo, < s <t (see f lOOD ): 

(1) 1 < s < t < oo (see (ESS])); 

(r) E^y, 1 < s < t < oo (see i^M)); 

(1") 1 < s < t < oo (see (Km ): 

(m) -1 < s < t < 1 (see K3Q\f ): 

(m') -1 < s < t < 1 (see fl2311 ): 

(m") -l<s<t<l, n>2 (see (EM])); 

(n) 1 < s < t < oo (see dZH); 

(n') 1 < s < t < oo (see ( 1239D ): 
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(n") D]fj, 1 < s < t < oo (see f lCTD ): 

(n") nff, l<s<t<oo,n>2 (see fl239D ): 

(n") 1 < s < t < oo, n > 3, n is odd (see (10)). 

This concludes our orbit gluing procedure. Note that in each of cases (d) and 
(e) we have two non-isomorphic possibilities for R^. Each of the possibilities 
leads to the same set of i?m-invariant domains. 

We now observe that the automorphism groups of all i?m-invariant do- 
mains that appear in cases (b)-(f) have dimension at least 4. Finally, ex- 
cluding equivalent domains leads to list (i)-(xv) as stated in the theorem. 

The proof of the theorem is complete. □ 

4 Levi-Flat orbits 

In this section we give a classification of (2,3)-manifolds M for which every 
G'(M)-orbit has codimension 1 and at least one orbit is Levi- fiat. We start 
by classifying all possible Levi-flat orbits up to C-R-diffeomorphisms together 
with group actions. 

Observe, first of all, that the Levi-flat hypersurface Oi (see (12.41) ) is an 
orbit of the action of each of the groups Gb (see (12.21) ) for 6 G M (including 
6 = 0) and <3 (see (12.71) ) on C^. Recall next that the Levi-fiat hypersurface 
Cj"^ (see (Km . (Km ) is an orbit of the action of 7^(") (see (10), ([235])) 
on Q_ for n = 1 (see (Km ) and on M(") for n e N, n > 2 (see (11) (d)). 
Furthermore, the Levi-fiat hypersurface Oq°°^ (see (I2.75P ) is an orbit of the 
action of 7^(~) (see (EST])) on M(°°) (see (ll)(d)). Note also that the Levi- 
flat hypersurface 



where A > 0, /3, G M. The hypersurface Og is Ci?-equivalent to Oi, and 
the hypersurface Cq""* is Ci?-equivalent to 0[ for every n G N. 



0[ := {{z,w) G : Rez > 0, \w\ = l} 
is an orbit of the action on of the group G'q of all maps 



(4.1) 



z t-^ Xz + if3, 
w I— >• e^'^w, 



(4.2) 
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We will now prove the following proposition. Note that it applies to 
(2,3)-manifolds possibly containing codimension 2 orbits. 

Proposition 4.1 Let M be a (2,3)-manifold. Assume that for a point p G M 
its orbit 0{p) is Levi-flat. Then one of the following holds: 

(i) 0{p) is equivalent to Oi by means of a real-analytic CR-map that trans- 
forms G{M)\o(p) into either the group Gh\oi ^'^^ some h & or the group 

(a) 0{p) is equivalent to 0[ by means of a real-analytic CR-map that trans- 
forms G{M)\o{p) into the group G'q\o[; 

(Hi) 0{p) is equivalent to Oq"'^ for some j G {1, 2, . . . , oo} by means of a 
real-analytic CR-map that transforms G{M)\o{p) into the group 

Proof: Recall that the hypersurface 0{p) is foliated by complex manifolds 
equivalent to A (see (ii) of Proposition II. ip . For convenience, we realize A 
as the right half-plane V := {2; G C : Re^; > 0}. Denote by g{M) the Lie 
algebra of vector fields on M arising from the action of G{M). The algebra 
q{M) is isomorphic to the Lie algebra of G{M). We identify every vector 
field from q{M) with its restriction to 0{p). For q G 0{p) we consider the 
leaf Mg of the foliation passing through q and the subspace Ig C fl(M) of all 
vector fields tangent to Mg at q. Since vector fields in ig remain tangent to 
Mg at each point in Mg, the subspace Ig is in fact a Lie subalgebra of g(M). 
It follows from the definition of that dim Ig = 2. 

Denote by Hg the (possibly non-closed) connected subgroup of G{M) 
with Lie algebra Ig. It is straightforward to verify that the group Hg acts on 
Mg by holomorphic transformations. If some element g & Hg acts trivially 
on Mg, then g G Ig. If for every non-identical element of Lg its projection 
to L'g is non-identical (see (ii) of Proposition 11.11) . then every non-identical 
element of Ig acts non-trivially on Mg and thus g = id; if Lg contains a 
non-identical element with an identical projection to L'g and g 7^ id, then 
g = gq, where gg denotes the element of Ig corresponding to the non-trivial 
element in Z2 (see (ii) of Proposition II. ip . Thus, dimifg = 2, and either Hg 
or Hq/'L2 acts effectively on Mg (the former case occurs if gg ^ Hg, the latter 
if gg G Hg). As we noted in the proof of Lemma [3.2[ every 2-dimensional (a 
priori not necessarily closed) subgroup of Aut('P) is conjugate in Aut(P) to 
the subgroup T (see (13. 7p ). The Lie algebra of this subgroup is isomorphic to 
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the 2- dimensional Lie algebra f) given by two generators X and Y satisfying 
[X, Y] = X. Therefore, iq is isomorphic to f) for every q G 0{p). 

It is straightforward to determine all 3-dimensional Lie algebras contain- 
ing a subalgebra isomorphic to (). Every such algebra has generators X, Y, Z 
that satisfy one of the following sets of relations: 



Suppose first that g{M) is given by relations (Rl). In this case g(M) 
is isomorphic to the Lie algebra of the simply-connected Lie group Gb (see 
(I2.2p ). Indeed, the Lie algebra of Gh is isomorphic to the Lie algebra of vector 
fields on with the generators 



that clearly satisfy (Rl). 

Assume first that 6 7^ 0. In this case the center of Gb is trivial, and hence 
Gb is the only (up to isomorphism) connected Lie group whose Lie algebra 
is given by relations (Rl). Therefore, G{M) is isomorphic to Gb- Assume 
further that b ^ 1. In this case, it is straightforward to observe that every 
subalgebra of q{M) isomorphic to f) is generated either by Xi and Yi + uZi, 
or by Zi and uXi + Yi for some z/ G M. The connected subgroup of Gb with 
Lie algebra generated by Xi and Yi + vZ\ is conjugate in Gb to the closed 
subgroup H\ given by 7 = in (12.21) : similarly, the connected subgroup of 
Gb with Lie algebra generated by Z\ and vX\ + Y\ is conjugate to the closed 
subgroup Hi given by /5 = in (12. 2p . Moreover, the conjugating element can 
be chosen to belong to the subgroup of maps of the form 



(Rl) [x,r]=x, [Z,X] = 0, \Z,Y\=hZ, 

(R2) [x,r]=x, [z,x] = o, [z,r]=x + z, 

(R3) [X,y]=X, [Z,X] = F, \Z,Y\ = -Z. 



6 G M, 



(4.3) 



^1 



1 



i d/dz, 

zd/dz + bw d/dw 
i d/dw, 



z 



I — !> 



z 



(4.4) 



w 1-^ w + 27, 7 G 



in the first case, and to the subgroup of maps of the form 



z ^ z + il3, /? G M, 
w ^ w, 
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in the second case. These subgroups are one-parameter subgroups of Gb 
arising from Zi and Xi, respectively. 

Thus, upon identifying G{M) with Gb, the subgroup Hg for every q G 
0{p) is conjugate to either or by an an element of either or 
W^, respectively. In particular, Hq is isomorphic to T and hence does not 
have subgroups isomorphic to Z2. Therefore, Hg acts effectively on Mg. 
Since the subgroups Hg are conjugate to each other, it follows that either 
Hg is conjugate to H^ for every q, or Hg is conjugate to H^ for every q. 
Suppose first that the former holds. Then for every q ^ 0{p) every element 
of G{M) can be written as gh, where g e W^, h G Hg. Hence for every 
qi,q2 £ 0{p) there exists g G such that gMg^ = Mg^. Furthermore, since 
the normalizer of H^ in Gb coincides with H^, such an element g is unique. 
Let go £ 0{p) be a point for which Hg^ = H^, and let / : Mg^ — > P be a 
holomorphic equivalence that transforms Hg^^lM^^ into the group T. Let Xi 
and Yi be the vector fields on 0{p) corresponding to Xi,Yi. Under the map 
/ the vector fields -^iIm^q and ^lU/gg (which are tangent to Mg^) transform 
into some vector fields and Yi on V such that [X^,Y'j^*] = X^. Clearly, 
X^ and Y* generate the algebra of vector fields on V arising from the action 
of T. It is straightforward to verify that one can find an element of T that 
transforms Y{ into zd/dz = Yi|p and X^ into one of ±i d/dz = ±Xi|-p, and 
therefore we can assume that / is chosen so that it transforms XiIm^^^ and 
Yi|m,o into ±Xi|p, Yi|-p, respectively. 

For every q G 0{p) we now find the unique element g G such that 

gMg^ = Mg and define F(q) := (^f (g^^ (q)) , i'J^ G C^, with 7 corresponding to 
g as in formula (14. 4p . Clearly, F is a real-analytic Ci?-isomorphism between 
0{p) and Oi that transforms Zi into id/dw\oi = ^ild, where Zi is the 
vector field on 0{p) corresponding to Zi (recall that = {exp(sZi),s G 

Denote by X, Y the vector fields on Oi into which F transforms Xi, Yi, 
respectively. Since F is real- analytic, it extends to a biholomorphic map from 
a neighborhood of 0{p) in M onto a neighborhood of Oi in C^. Clearly, Xi, 
Yi, extend to holomorphic vector fields on all of M and hence X, Y, extend 
to holomorphic vector fields defined in a neighborhood of Oi. Since the 
restrictions of X and Y toVx {0} C Oi are ±id/dz and z d/ dz, respectively, 
these vector fields have the forms 



X = {±i + p{z, w))d/dz + a{z, w)d/dw, , 



(4.5) 
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and 

Y = {z + ^{z, w))d/dz + t{z, w)d/dw, (4.6) 
where p, a, fi, t are functions holomorphic near Oi and such that 

p{z, 0) = cr{z, 0) = fi{z, 0) = t{z, 0) = 0. (4.7) 

Since [Zi,Xi] = and [^1,11] = bZi on 0{p), on a neighborhood of Oi we 
obtain 

[Z,,X] = 0, [Z,,Y] = bZ,. (4.8) 

Conditions g2D, (glD imply: p = 0, a = 0, = 0, r = Thus, X = ±Xi, 
Y = Yi, and hence F transforms G{M)\o(p) into Gb\oi- 

The case when Hg is conjugate to for every q E 0{j)) is treated simi- 
larly; arguing as above we construct a real- analytic C-R-isomorphism between 
Oip) and Oi (see (12. 5p ) that transforms G(M)|o(p) into G^l^^. Further, in- 
terchanging the variables turns Oi into Oi and into Gi/f,. 

Suppose now that 6 = 1. In this case, in addition to the subalgebras 
arising for 6 7^ 1, a subalgebra of g(M) isomorphic to f) can also be generated 
by Xi+'qZi and Yi+pZi for some 77, z/ G M, 7^ 0. The connected subgroup of 
Gi corresponding to this subalgebra is conjugate in Gi to the closed subgroup 
Hi^rj of all maps of the form (12.21) with 6 = 1, 7 = (37]. Moreover, the 
conjugating element can be chosen to belong to the subgroup (see (14.41) ). 
Thus, upon identifying G{M) with Gi, the subgroup Hq for every q E 0{p) 
is conjugate to either Hi or Hi, or Hi^^ for some r/ 7^ (all these subgroups 
are closed). In particular, Hq is isomorphic to T and hence acts effectively on 
Mq. Since the subgroups Hq are conjugate to each other, it follows that either 
Hq is conjugate to H\ for every g, or Hq is conjugate to H^ for every or Hq 
is conjugate to for every q and a fixed 77. The first two cases are treated 
as for 6 7^ 1. Suppose that Hq is conjugate to Hi^r) for every q E 0{p). It can 
be shown, as before, that for every gi, g2 £ 0{p) there exists a unique (7 G 
such that (/Mg^ = Mq^. Fix go £ 0(p) with the property Hq^ = Hin, and 
let / : Mqg V, with be a holomorphic equivalence that transforms Hq^lM^^ 
into the group T and such that Xi + r^Ziljv/,^ and ^lU/,^ (which are tangent 
to Mqg) are transformed into the vector fields ±Xi|-p and Yi\-p, respectively. 
For every q E 0{p) we now find the unique map g G such that gMq^ = Mq 

and define F{q) := (^f {g~^ (q)) , i'y^ , with 7 corresponding to as in formula 

(14. 4p . Analogously to the case 6 7^ 1 we obtain: X = ±Xi — rjZi, Y = Yi. 
Hence F transforms G{M)\o{p) into Gi\oi- 
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Suppose now that 6 = 0. In this case there are exactly two (up to isomor- 
phism) connected Lie groups with Lie algebra 0(M): Go and G'q (see (14.21) ). 
It is straightforward to see that every subalgebra of q{M) isomorphic to 1) 
is generated by Xi and Yi + uZi for some i/ G M. Clearly, the connected 
subgroup of Go with Lie algebra generated by Xi and Yi + vZ^ coincides 
with the closed normal subgroup B.^ ^ given by A = e*, 7 = z/t, t G M (see 
(12.21) ). It then follows that if G{M) is isomorphic to Go, there exists z/ G M, 
such that, identifying G(M) and Go, we have Hg = Hq^u for every q G 0{p). 
Further, let us realize the Lie algebra of Gq as the Lie algebra generated by 
the following vector fields on C^: Xi, Yi, Z[ := iwd/dw, which clearly sat- 
isfy (Rl) of (14. 3p . The connected subgroup of Gq with Lie algebra generated 
by Xi and Yi + iyZ[ coincides with the closed normal subgroup ^ of Gq 
given by A = e*, = z/t, t G M (see ^^). It then follows that if G(M) is 
isomorphic to Gq, there exists z/ G M, such that, identifying G(M) and Gq, 
we have Hq = Hq ^^ for every q G 0{p). 

Thus, if 6 = 0, every subgroup Hq is normal, closed, isomorphic to T 
(hence acts effectively on Mq). In particular, all these subgroups coincide 
for q G 0{p). Denote by H the coinciding subgroups Hq. The group H 
acts properly on 0(p), and the orbits of this action are the leaves Mq of the 
foliation on 0{p). Further, we have G{M) = H x L, where L is either the 
subgroup (see (I4.4p ). or the subgroup given by A = 1, /? = in 
formula (14. 2 p , and hence is isomorphic to either M or S*^ . For every g G O (p) 
let S'q := {g E L : gMq = Mq}. Since Mq is closed, Sq is a closed subgroup 
of L. Clearly, for every g E Sq there is h E H such that hg G Iq. The 
elements g and h lie in the projections of Iq to L and H, respectively. Since 
H is isomorphic to T, it does not have non-trivial finite subgroups, hence 
the projection of Iq to H is trivial, and therefore Sq = Iq. Since all isotropy 
subgroups are contained in the Abelian subgroup L and are conjugate to each 
other in G(M), they are in fact identical. The effectiveness of the action of 
G(M) on M now implies that all isotropy subgroups are trivial and hence 
every Sq is trivial as well. 

Thus, we have shown that for every gi, ^2 £ 0{p) there is a unique g E L, 
such that gMq-^ = Mq^. Suppose first that L = Fix qo G 0{p), and let 
/ : Mqg — i> P be a holomorphic equivalence that transforms H\Mg^ into the 
group T and XiIm^^^, Yi + z/ZiIm^q into ±Xi|p, Yi\-p, respectively. For every 
q G 0{p) find the unique map g G such that gMq^ = Mq and define 

^{q) •= ( /(fi'^^lo'))) "^7 ) ) with 7 corresponding to g as in formula (14.40 . It 
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can now be shown as in the case b ^ that F transforms G{M)\o{p) into 

Gold- 
Suppose now that L = W'^ Fix go e 0{p), and let / : M,, V 
be a holomorphic equivalence that transforms -f^Ufg^ into the group T and 

Xiljvfqg, Yi + J^^iIm^o into ±Xi|-p, Yij-p, respectively, where Z[ denotes the 
vector field on 0{p) corresponding to Z[. For every q E 0{p) find the unique 

map g E W'^ such that gMg, = Mq and define F{q) := (^f (g^^ (q)) , e'^^ 

with e*'^ corresponding to g as in formula (14. 2p . Clearly, F is a real-analytic 
Ci?-isomorphism between 0{p) and O'l (see (14.11) ) that transforms Z[ into 
iwd/dw\o[ = Z[\ci/^. 

As before, denote by X, y the vector fields on Oi into which F transforms 
Xi, Yi, respectively. These vector fields extend to holomorphic vector fields 
defined in a neighborhood of 0[. Since the restrictions of X and Y + uZ'^ to 
V X {1} c 0[ are ±Xi|-p and Yi\-p, these vector fields have the forms that 
appear in the right-hand sides of formulas (14. 5p . (14.61) . respectively, where 
p, a, fi, T are functions holomorphic near 0[ and such that 

p{z, 1) = a{z, 1) = p{z, 1) = t{z, 1) = 0. (4.9) 

Since [Z[,Xi] = [Z[,Yi + uZ'-^] = on 0{p), on a neighborhood of 0[ we 
obtain 

[Z[,X] = [Z[,Y + uZ[] = 0. (4.10) 

Conditions (USD, fHTTU]) imply: p = a = fi = T = 0. Thus, X = ±Xi, 
F = Yi — z/ZJ, and hence F transforms G{M)\o{p) into Golo^- 

Suppose next that 0(M) is given by relations (R2) (see (14. 3p ). In this case 
q{M) is isomorphic to the Lie algebra of the simply-connected Lie group (5 
(see (12.71) ). Indeed, the Lie algebra of <3 is isomorphic to the Lie algebra 
of holomorphic vector fields on with the following generators: Xi, Y2 := 
{z + w) d/dz + wd/dw, Zi, which clearly satisfy (R2). It is straightforward 
to observe that the center of (5 is trivial, and hence is the only (up to 
isomorphism) connected Lie group whose Lie algebra is given by relations 
(R2). Therefore, G{M) is isomorphic to (5. In this case every subalgebra of 
q{M) isomorphic to {) is generated by Xi and I2 + ^-Z'l for some z/ G M. The 
connected subgroup of (5 with Lie algebra generated by Xi and Y2 + vZ\ is 
conjugate in (S to the closed subgroup Q given by 7 = (see (12. 7p ). Moreover, 
the conjugating element can be chosen to belong to (see (I4.4p ). 

Thus - upon identification of GiM) and C5 - the subgroup Hq for every 
q E 0{p) is conjugate to Q by an element of W^. Further, since the normalizer 
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of Q in (5 coincides with Q, we proceed as in the case of the group Gb for 6 7^ 
and obtain that there exists a real- analytic Ci?-isomorphism F between 0{p) 
and Oi that transforms Zi into ZiIq^ and the corresponding vector fields Xi, 
Y2 on a neighborhood of 0{p) in M into holomorphic vector fields X,Y of the 
forms appearing in the right-hand sides of formulas fl4.5p . fl4.6p . respectively, 
where p, a, fi, t are functions holomorphic near Oi and satisfying fl4.7p . Since 
[Zi,Xi] = and [^1,12] = Xi + Zi on 0{p), on a neighborhood of Oi we 
obtain 

[Zi,x] = 0, = x + Zi. (4.11) 

Conditions (14.70 . (14. lip imply: p = 0, a = 0, fi = ±w, t = w, respectively. 
Thus, we have either X = X^, Y = Y2, 01 X = -Xi, Y = (z - w) d/dz + 
wd/dw. Hence either F or S o F transforms G{M)\o(p) into (S|oi! where S 
is the map given by formula (13. 5p . 

Suppose finally that q{M) is given by relations (R3) (see (I4.3p ). In this 
case q{M) is isomorphic to the algebra S02,i(M). All connected Lie groups 
with such Lie algebra are described as follows: any simply-connected group 
is isomorphic to the group ^00, and any non simply-connected group is iso- 
morphic to QJ„ with n G N, where 2Joo and 2J„ are the Lie groups defined in 
Lemma [3l2l Clearly, the set C := {{z,w) G : Re 2; > 0} is 5Jj-invariant for 
J G {1,2,..., 00}. 

Consider in 93^ three one-parameter subgroups of transformations of C 



for j = 00: 



2 

z z — w ^— ^ w, 

z 1-^ Xz, w ^— s> w + luo A, 

z ^ , w H-i> — 2 lno(^/i^ + 1), 

ipz + 1 



for j = n G N: 



1 

z /5, w ^ w, 

2 

z 1 



ipz + V (z/iz + l)2/" 

where A > 0, G M, t^/" = exp(2/n luot) for t G C \ (-00, 0], and Iuq is 
the branch of the logarithm in C\ {—00, 0] defined by the condition Iuq 1 = 0. 
The vector fields corresponding to these subgroups generate the Lie algebras 
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of QJj for j e {1,2, . . . , 00} and are as follows: 

for j = 00: 

Xs := -'-d/dz. 



Y3 :— z d/dz + d/dw, 

:= —iz^ d/dz — 2iz d/dw. 



for j = n e N: 



:= 

w 

I3 := zd/dz^ d/dw, 

n 

Z3 := — i^:^ d/dz — ^^^^ d/dw. 

n 

One can verify that these vector fields indeed satisfy relations (R3). 

Next, it is straightforward to show that any subalgebra of q{M) isomor- 
phic to P) is generated by either + rff^ — rf /2 Z^, — rjZ^, with r) E M., 
or by Y3, Z3. For every j e {1,2,. ..,00} the connected subgroups of QJj 
corresponding to the subalgebras generated by Xs + rjYs — rf /2 Z3, Y3 — -qZ^, 
with e R, or by ^3, Z^ are isomorphic to T (hence Hq acts effectively 
on Mq for every q) and are all closed and conjugate to each other in 5Jj by 
elements of the one-parameter subgroup of 2Jj arising from X^ — 1/2 Z3. We 
denote this subgroup by VU, and describe it in more detail. Let first j — 00. 
Transform C into {{z,w) : \z\ < 1} by means of the map 

z-1 



z + r 

w ^ 'u;-21no((^ + l)/2). 
Then Woo is the subgroup of 2J(x, that transforms into the group of maps 

^ ^ (4.12) 
w t-^ w + tt. 
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where t G M. Let now j = n. Transform C into {{z,w) : \z\ < 1} by means 
of the map 

z-1 
z+1 

f 2 

Then >V„ is the subgroup of 23„ that transforms into the group of maps 



w e ' w, 



u/L, (4-13) 



where < t < 27rn. 

Observe that - upon identifying G{M) with QJj for a particular value of 
j - for every q G 0(p) every element of G{M) can be written in the form 
gh with g G VU,-, h G -ffg, and Wj H Hg = {id}. Since no element in a 
sufficiently small neighborhood of the identity in Wj lies in the normalizer 
of Hq in G{M), for every q & 0{p) there exists a tubular neighborhood U of 
Mg in 0{p) with the following property: for every curve 7 C W transversal 
to the leaves Mq> for q' ElA and every gi, g2 ^ 7, 9i 7^ ^2, we have Hq^ 7^ ff^j. 
Further, for every two points qi.q^ G 0{p) there exists (7 G VU,- such that 
(y'Mg^ = Mq^. If for some q G 0(p) there is a non-trivial (7 G VU,- such that 
gMq = Mq, then gHqg~^ = Hq and hence g has the form 

for j = 00: 

w I— >• w + 27riA;o, fcoGZ\{0}, 



for j = n G N: 

2; I— > z, 

w e27rifco/ny^^ ko^N, ko<n-l. 

It then follows that g lies in the centralizer of Hq/ for every g' G Let 
h E Hq he such that /if/ G /g. Every element of Iq has finite order (see (ii) 
of Proposition 11.11) . which implies that each of h and g is of finite order. 
At the same time, if G{M) = ^00, then g is clearly of infinite order; hence 
gMq 7^ Mq for every q E 0{p) and every non-trivial g G Woo- Assume now 
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that G{M) = 23„ for some n E N. Since every non-trivial element of T 
has infinite order, we obtain h = id and thus g E Iq. This argument can be 
applied to any point in Mg, and thus we obtain that g fixes every point in Mg. 
Hence g = gg, where, as before, gg denotes the element of Ig corresponding 
to the non-trivial element in Z2 (see (ii) of Proposition II. ip . Then if a point 
Qi ^ Mg is sufficiently close to q, the point q2 ■= gqi is also close to g, and we 
can assume that gi, ^2 ^ U. It follows from the explicit form of the action of 
the linear isotropy subgroup Lp on Tp{M) that qi 7^ q2 and that gi, q2 lie on 
a curve transversal to every leaf in W; hence Hg^ 7^ Hg^. At the same time, 
we have Hg^ = ggHg^g'^ = Hg^. This contradiction shows that gMg 7^ Mg 
for every q E 0{p) and every non-trivial g G VV„. 

Suppose that G{M) = 5Joo- Fix go ^ 0{p) for which ifg,, = Hq, where 
Hq is the subgroup of G{M) with Lie algebra generated by X3, F3, and let 
/ : — >• P be a holomorphic equivalence that transforms Hg^\Mqg into the 
group T and such that X^Im^^ and Y^lM^g are transformed into the vector 
fields ±Xi|7[5 and Yi\-p, respectively, where X3, Y3 are the vector fields on 
0{p) corresponding to X3, 1^3. For every g G 0{p) we now find the unique 

map g G Woo such that gMg^ = Mg and define F(g) := (^f (g^^ (q)) , it^ G C^, 

where t is the parameter value corresponding to g (see (14.121) ). Clearly, F 
is a real- analytic C-R-isomorphism between 0{p) and Oi that transforms 
X3 — 1/2 Z3 into Zi\oi, where Z3 is the vector field on 0{p) corresponding to 
Z3 (recall that Woo = {exp (s (X3 — 1/2 Z^)) , s G M}), and transforms X3, 
on a neighborhood of 0(p) into holomorphic vector fields X, Y of the 
forms appearing in the right-hand sides of formulas (14. 5p . (14. 6p . respectively, 
where p,a,fi,T are holomorphic in a neighborhood of 01 and satisfy (14.71) . 
Since [X3 - 1/2Z3,X3] = -1/2^3 and [X3 - 1/2^3,^3] = X3 + 1/2 Z3 on 
0{p), on a neighborhood of Oi we obtain 

[^i,X] = -ir, [Zi,r] = 2X-Zi. (4.14) 

Conditions (14. 7p . (I4.14p uniquely determine the functions p, a, /i, r as follows: 

p = ±'-(^{z + 2)6^"" - {z - 2)6^""^ T a = -^(^e'" + e-"'-2), 




Thus, we have shown that if M is a (2,3)-manifold such that G{M) is 
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the universal cover of 502,1(1^)° and 0{p) is a Levi-flat G(M)-orbit in M, 
then there exists a Ci?-isomorphism from 0{p) onto Oi that transforms near 
0{p) vector fields from the Lie algebra q{M) into vector fields near Oi from 
the Lie algebra a^'^-' generated by Zi and 

i(^{z + 2)e"' -{z- 2)e''"^d/dz - z(^e"' + e'^^^d/dw, 

(^{z + 2)e"' + iz- 2)e-'"^d/dz - [e"" - e-^'js/^w. 

The Ci?-isomorphism is either the map F constructed above or the map 
S o F, where S is given by (13.51) . 

Let N be any of the (2,3)-manifolds ©i^^ introduced in (ll)(d). 

The group G{N) coincides with TZ^°°^ (see (I2.57P ) and hence is isomorphic 
to the universal cover of S'02,i(IR)°- Furthermore, Oo°°'* (see (12.751) ) is a 
Levi-flat G{N)-oThit in N. Hence, as we have shown above, there exists a 
Ci?-isomorphism from onto Oi that transforms g{N) near Oir^ into 

^(oo) j^gg^j^ Therefore, there exists a Ci?-isomorphism from 0{p) onto 
that transforms G(M)|o(p) into 7^(°°) |^(oo). 

Suppose that G{M) = 5J„ for n G N. Fix go e 0{p) for which Hg^ = Hq, 
where, as before, Hq is the subgroup of G{M) with Lie algebra generated by 
X3, Y3, and let / : Mg^ — >^ P be a holomorphic equivalence that transforms 
HqolMqQ into the group T and such that X^Im^^ and ValjUgp are transformed 
into the vector fields ±Xi|-p and Yi\-p, respectively. For every q E 0{p) we 
now find the unique map g G W„ such that gMq^^ = Mg and define F{q) := 

^/(5f~^(g)), e**/"^ G C^, where t is the parameter value corresponding to g 

(see (I4.13P ). Clearly, F is a real-analytic C/2-isomorphism between 0{p) and 
0[ that transforms X3 — 1/2 Z3 into l/nZ[\Q'^ and transforms X3, Y3 on 
a neighborhood of 0{p) into holomorphic vector fields X, Y oi the forms 
appearing in the right-hand sides of formulas (14. 5p . (14.60 . respectively, where 
p, a, fi, T are functions holomorphic near 0[ and satisfying (14.91) . Arguing as 
before, we obtain 
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Conditions f l4.9p . f l4.15p uniquely determine the functions p, a, fi, t as follows: 

p =±-((z + 2)w±" -(z- 2)w^") Ti, a = -— + w^'" - 2w) , 

/i = - ((^ + 2)w±" + - 2)w^") - r = -— (w"+^ - w^^") . 
2 ^ 2n ^ 

Thus, we have shown that if M is a (2,3)-manifold such that G{M) is an 

n-sheeted cover of S'02,i(ffi)'' and 0{p) is a Levi-flat (j'(M)-orbit in M, then 

there exists a Ci?-isomorphism from 0{p) onto O'l that transforms near 0{p) 

vector fields from the Lie algebra g{M) into vector fields near 0[ from the 

Lie algebra a*^"^ generated by Z[ and 



i {{z + 2)w" -{z- 2)^-") d/dz - ^ + w^-") d/dw. 



{{z + 2)«;" + {z- 2)«;-") 9/^2 - - - w^"") 

The C-R-isomorphism is either the map F constructed above or the map 
S' o F, where S' is given by 

z \^ z, 
W 1-^ 1/w. 

Let be any of the (2,3)-manifolds 2)1"'', ^j^"* (here n = 1) intro- 
duced in (ll)(d). The group G{N) coincides with 7^(") (see (10), ^IM\f ) 
and hence is an n-sheeted cover of ^O2,i(M)0. Furthermore, Oj"^ (see (KTUh . 
(12.741) ) is a Levi-flat (j(A^)-orbit in A^. Hence, as we have shown above, there 
exists a Ci?- isomorphism from Oq"^ onto 0[ that transforms q{N) near Og"''* 
into a*^"-* near 0[. Therefore, there exists a C-R-isomorphism from 0{p) onto 
Cq"^ that transforms G(M)|o(p) into Tl^^^\^(n). 

The proof of the proposition is complete. □ 

Remark 4.2 It is in fact possible to write down a suitable Ci?-equivalence 
between Oq^ for j G {1, 2, . . . , oo} and either Oi or 0[ explicitly. For exam- 
ple, let us realize O^^^ as A x C CP^ x CP^ (see (11) (c)). Then the map 
given by 

^ ~ ZW-V 



w = W 
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takes A x dA onto 0[ and transforms near A x dA the Lie algebra of vector 
fields arising from the action of 5f/i,i/{±id} ~ 502,i(M)° on CP^ x CP^ into 
a*^^) near 0[ (here we set Zq = Wq = 1 on A x OA and denote Z := Zi, 
W := Wi). 

We will now prove the following theorem that finalizes our classification 
of (2,3)-manifolds in the case when every orbit is a real hypersurface. In the 
formulation below we use the notation introduced in Section [2l 

THEOREM 4.3 Let M be a (2,3)-manifold. Assume that the G{M)-orbit 
of every point in M is of codimension 1 and that at least one orbit is Levi- 
flat. Then M is holomorphically equivalent to one of the following pairwise 
non-equivalent manifolds: 

(i) Rb,s,t, where 6 G R, 6 7^ 0, 1, and either s = —00, t = 1 or 

s = —1, < t < 00, and in the latter case t ^ 1, if b = 1/2; 
(a) Rb-i^t, where 6 > 0, 6 7^ 1, < t < 00; 
(Hi) tJi^t, where — 00 < t < 0; 

(iv) Tii^J, where j e {1,2,..., 00}, -1 < s < 1 < t < 00, 
and s = — 1 and t = 00 do not hold simultaneously 

Proof: The proof is based on Proposition 14. II and the orbit gluing procedure 
introduced in the proof of Theorem 13.11 

Observe that the set £ := {p G M : 0{p) is Levi-flat} is closed in M. 
Hence, if £ is also open, then every orbit in M is Levi-flat. Let p G £ 
and suppose first that there exists a C-R-isomorphism f : 0{p) ^ Oi that 
transforms G{M)\o{p) into the group Go Id- The group Gq acts on C = 
{{z,w) G : Re2; > 0}; every orbit of this action has the form 

br := {{z, w) E C : Rew = r} , 

for r G M, and hence is Levi-fiat. Arguing as at step (II) of the orbit gluing 
procedure, we extend / to a biholomorphic map between a G(M)-invariant 
neighborhood U of 0{p) and a Go-invariant neighborhood of Oi in C that 
satisfies fl3^ for all g G G(M) and q e U, where : G(M) — > Go is an 
isomorphism. Since every Go-orbit in C is Levi-flat, the set £ is open. The 
group Go is not isomorphic to any of the groups G;, for 6 G M*, Gq, (S, Tl^^\ 
and it follows that every orbit 0(g) in M is Gi?-equivalent to Oi by means 
of a map that transforms G{M)\o(q) into Gold. 
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We will now further utilize the orbit gluing procedure from the proof of 
Theorem I3.1[ Our aim is to show that M is holomorphically equivalent to 
a Go-invariant domain in C. First of all, we need to prove that the map 
F arising at step (III) extends to a holomorphic automorphism of C. This 
map establishes a Ci?-isomorphism between and for some ri,r2 G M. 
Clearly, F has the form F = u o where z/ is a real translation in w, and 
g G AutcR{brJ. Since F = fi o and the maps / and fi transform 
the group G{M)\o{s) for some s E M into the groups Go\b^_^ and Go\b^^, 
respectively, the element g lies in the normahzer of Golb^^ in Autci?(bri)- 

The general form of an element of AutcR(bri) is 

{z, ri + iv) {a^{z), ri + ifi{v)), (4.16) 

where f G M, a^, G Aut(P) for every v, and /i is a diffeomorphism of M. 
Considering g in this form, we obtain that for every f G M lies in the 
normalizer of T in Aut{V) (see (13. 7p ). and hence E T for all v. Moreover, 
we obtain: ^ ^ for all a G T and all fi,f2 G M. Therefore, 

a~^a^2 li^s in the center of T, which is trivial. Hence we obtain that a^^ = a^^ 
for all fi,f2- In addition, there exists (i G M* such that fi'^{v) + 7 = 
/i~^(f + d'y), for all 7 G M. Differentiating this identity with respect to 
7 at gives 

^^^(v) = v/d + to (4.17) 

for some to G M. Therefore, F extends to a holomorphic automorphism of C 
as the following map: 

w ^— s> + cr — ^ato, 

where X > 0, (3,a eR. 

Any Go-invariant domain in C is given by 

{(2,w) G : Re^: > 0, s < Rew < t} , 

for some —00 < s < t < 00. At step (IV) we observe that, since Oi splits 
C, for V sufficiently small we have V = Vi U V2 U 0{x) , where Vj are open 
connected non-intersecting sets. If C -D for j = 1, 2, then for the domain 
D we have s > —00, t < 00, and the argument applied above to the map 
F shows that F has the form fl4.18p . Further, using the fact that F is 
Go-equivariant, we obtain that F is a translation in w and that C covers 
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M, contradicting with the hyperbohcity of M. It then follows that M is 
equivalent to which is impossible, since (i(A^) = 6. 

Next, if for p G £ there exists a C-R-isomorphism between 0{p) and 0[ 
that transforms G{M)\o(p) into the group G"q|(9^, a similar argument gives 
that M is holomorphically equivalent to the product oi A x A, where A 
is either an annulus or a punctured disk. This is impossible either since 
d{A xA)=A. 

Let now p G £ and suppose that there exists a C-R-isomorphism / : 
0{p) — >• Oi that transforms G{M)\o(p) into the group Gi|ci^. The group Gi 
acts on 

D := \ {{z,w) G : Re^ = Rew = O} , 

with codimension 1 orbits, and, as as before, we can extend / to a biholo- 
morphic map between a G(M)-invariant neighborhood U of 0{p) and a Gi- 
invariant neighborhood of Oi in V that satisfies (13. 9p for all g G G{M) and 
q & U, where if : G{M) Gi is an isomorphism. A Gi-orbit in V is either 
of the form 

{{z,w) e : Rew = vRez, Rez > O] , 

or of the form 

{iz,w) eC^ -.Rew = rRez, Rez < O} , 

for r G M, or coincides with either Oi (see (12.51) ). or 

:= {{z,w) eC^ ■.Rez = 0,Rew <0} , (4.19) 

and hence is Levi-fiat. Therefore every orbit in M is Levi-fiat, and it follows 
as before that every orbit 0{q) in M is Ci?-equivalent to Oi by means of a 
map that transforms G{M)\o{q) into Gi\oi- 

In order to show that M is holomorphically equivalent to a Gi-invariant 
domain in V, we need to deal with steps (III) and (IV) of the orbit gluing 
procedure. In this case we have F = uog, where z/ is a map of the form (I2.32p 
with A G GL2(M), and g G Autc_R(o) for some Gi-orbit o. As before, g lies in 
the normalizer of Gi\o in AutcR{o). Let X be a map of the form (12.321) with 
A G GL2(M) that transforms o into Oi and gx '■= XogoX~^. Considering gx 
in the general form (14.161) with ri = we see that for every A > 0, 7 G M, 
the composition axv+'yOa^'^oa~^, where a^'^^^z) := Xz+iP, belongs to T and is 
independent of v. This implies that a^{z) = XoZ+i{CiV+C2) for some Aq > 0, 
Ci,C2 G M. Also, for every A > 0, 7 G M there exist Ai > 0, 71 G M such 
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that (A/i ^(f) + 7) = Aif + 7i. It then follows, in particular, that either 
there exist c G M*, d G M such that fx'^iv) + = fi"^ [e^^v + d{\ - e"^)), 
or there exists d G M* such that ) + 7 = [i^^ {y + d'y) for all 7 G M. 

Differentiating these identities with respect to 7 at 0, we see that the first 
identity cannot hold and that yU~^, as before, has the form (14.171) for some 
to G M. It then follows that gx extends to a holomorphic automorphism of 
T> as the map 

z ^ \z + CxW^iC2, ,^20) 
w ^ dw — idto, 

and thus F extends to an automorphism of V as well. 

Any hyperbolic Gi-invariant domain in V has the form S+zM^, where 5* is 
an angle of size less than vr with vertex at the origin in the (Re z, Re w)-plane. 
If at step (IV) we have Vj G D for j = 1,2, then the argument applied above 
to the map F shows that F has the form (12.101) with A G G*L2(M). Further, 
using the fact that F is Gi-equivariant, we obtain that F = id, which is 
impossible. This shows that M is holomorphically equivalent to a hyperbolic 
Gi-invariant domain in T>. By means of a suitable linear transformation every 
such domain is equivalent to the tube domain whose base is the first quadrant, 
and thus M is holomorphically equivalent to A^, which is impossible. 

Let p G £ and suppose that there exists a Ci?-isomorphism f : 0{jp) Oi 
that transforms G{M)\o{p) into the group Gb\oi fo'^ some h G M*, h ^ 1. The 
group Gil acts on and every Gft-orbit in T> is either strongly pseudoconvex 
and has one of the forms 

[{z,w) G : Rew = r{Rez)\ Rez > o} , 

\^{z,w) G : Rew = r{-Rez)'' , Rez < o| , 

for r G M*, or coincides with one of Oi, Oi (see f l2.5p ). Of (see f l4.19p ). and 

Q- := {iz,w) G : Re^ < 0, Rew = O} . (4.21) 

It then follows that every Levi- flat orbit in M has a G(M)-invariant neigh- 
borhood in which every other orbit is strongly pseudoconvex. Among the 
groups Gc (with c eR*, c 1, c b), 6, 7^(^■) the only group isomorphic 
to Gb is Gi/i). Thus, it follows that every Levi-fiat orbit 0{q) in M is GR- 
equivalent to Oi by means of a map that transforms G{M)\o(q) into either 
Gb\oi Gi/b\oi- the latter case interchanging the variables we obtain a 
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map that takes 0{q) into Oi and transforms G{M)\o{q) into G^l^^. Next, by 
Lemma [3.21 every strongly pseudoconvex orbit 0{q') is Ci?-equivalent to 
(see fl2.3p ) by means of a C-R-map that transforms G(M)|o(g') into Gblr,,- 

We now turn to step (III) of the orbit gluing procedure. For the point 
X G dD there exists a real-analytic Ci?-isomorphism fi between 0{x) and 
one of Oi, Oi, that transforms G{M)\o(x) into one of G^lo^, G^Iq^^, Gblr^, 
respectively. In each of these three cases the corresponding point s can be 
chosen so that 0{s) is strongly pseudoconvex. Then F is a Ci?-isomorphism 
between strongly pseudoconvex G^-orbits, and thus has the form F = u o 
where z/ is a map of the form 

^ ^ (4.22) 
w ^ dw 

with (i e M*, and g G Gb. Therefore, F extends to an automorphism of V. 

Suppose that at step (IV) we have V^- C il* for j = 1, 2. Assume first 0{x) 
is strongly pseudoconvex. Then F = v o g^ where z/ is a non-trivial map of 
the form f l4.22p . and g G Gb- Now using the fact that F is G;,-equivariant, we 
obtain that F = id, which is impossible. Suppose now that 0{x) is Levi-flat. 
Then F = u o g^ where u is one of the maps 

z -z, z y-^ z, z ^ ±U7, z ^ w, .^23) 

w y-^ w, w ^ —w, w ^ z, w ^ ±z, 

and g G Autc/j(o), where o is a Levi-flat G^-orbit. In this case, either g lies 
in the normalizer of Gb\o in Autc/j(o), or gGblod^^ = Gi/b\o and gGi/b\og^^ = 
Gb\o- Transforming o into Oi by a map X from list fl4.23p and arguing as in 
the case of the group Gi for the map F, we obtain that gx '■= X o g o 
extends to a holomorphic automorphism of "D as a map of the form fl4.20p 
with Ci = 0. It then follows that F has the form fl230|) with A G GL2{R). 
Now, using the Gb-equivariance of F we again see that F = id which is 
impossible. Hence M is holomorphically equivalent to a G^-invariant domain 
in D, and we obtain (i) and (ii) of the theorem. 

Let p E £, and suppose that there exists a G-R-isomorphism f : 0{p) ^ Oi 
that transforms G(M)o(p) into the group &\oi- The group acts on V, and 
every 0-orbit in V is either strongly pseudoconvex and has one of the forms 

[{z,w) G : Re 2 = Re win (rRew) , Rew > O} , 

[{z, w) G : Rez = Reti^ln {—rRew) , Reiy < O} , 
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for r > 0, or coincides with one of Oi, Oi (see fl4.2ip ). 

It then follows that every Levi- flat orbit in M has a G(M)-invariant 
neighborhood in which every other orbit is strongly pseudoconvex, that ev- 
ery Levi- flat orbit in M is Ci?-equivalent to Oi by means of a map that 
transforms G{M)\o{p) into &\oi and that every strongly pseudoconvex or- 
bit is Ci?-equivalent to ^ (see (12. Sp ) by means of a map that transforms 
G(M)|o(p) into 

At step (III), as in the case of the groups Gb above, we can choose s so 
that 0{s) is strongly pseudoconvex. It then follows that F = v o where v 
is a map of the form 

w I— s> aw 

with (i G M*, and (7 G 25. Therefore, F extends to an automorphism of V. 

Suppose that at step (IV) we have V,- C -D for j = 1, 2. Assume first 0{x) 
is strongly pseudoconvex. Then F = v o where i/ is a non-trivial map of 
the form (I4.24p . and (7 G (8. Now, using the fact that F is (S-equivariant, we 
obtain that F = id, which is impossible. Suppose now that 0{x) is Levi-flat. 
Then F = u o g, where p is map (I4.24p with d = —1, and g G Autc_R(o), 
where o is a Levi-flat 0-orbit. The element g lies in the normalizer of <3 
in Autc_R(o). Transforming o into Oi by a map X of the form (14.240 with 
d = ±1 and considering gx '■= X o g o in the general form (I4.16P with 
ri = 0, we obtain, as before, that has the form (I4.17P for some c? G M*, 
to G M, and that a^i^z) = Xqz + i[3{y), where Aq > and f3{y) is a function 
satisfying for every A > and 7 G M the following condition: 

d/dv [|3{\^l-\v) + -1)-\|3{^^-\v))+Xhl\{\o^^~\v)-v)] =Q. 

Setting A = 1 in the above identity gives that gx extends to an automorphism 
of P as a map of the form (I4.20p . Therefore, F has the form (I2.10p with 
A G GL2(M), and using the 0-equivariance of F we again see that F = id 
which is impossible. Hence M is holomorphically equivalent to a 0-invariant 
domain in D, and we have obtained (iii) of the theorem. 

Let p E Sj and suppose that there exists a C-R-isomorphism f : 0{p) ^ 
Oq^ that transforms G{M)\o{p) into the group TZ^^^l^u) for some 

j G {1, 2, . . . , 00}. The group TZ^^^ acts on D^^\ where D^^^ := dL^J^oo (see 
([22SD), := M(J) \ for 1 < j < 00, and 2)^°°) := M(°°) (see (ll)(a), 
(d)). Apart from Oq \ every T^.'^-'^-orbit in D^^'^ is strongly pseudoconvex and 
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is one of Ua , for ~1 < a < 1, or rja , for a > 1. It then foUows that Levi- flat 
orbits in M are isolated, and every such orbit 0{q) is Ci?-equivalent to Oq"''' 
by means of a C-R-isomorphism that transforms G{M)\o{q) into the group 

At step (III) we again choose s so that 0{s) is strongly pseudoconvex 
which gives that F extends to D^^' as an element of 'R.'^^\ At step (IV), 
suppose that Vj G D for j = 1,2. Observe that 0{x) cannot be strongly 
pseudoconvex since otherwise F would be a Ci?-isomorphism between two 
distinct strongly pseudoconvex T?.*^-^ •'-orbits in while in fact T^'^-'^-orbits 
are pairwise CR non-equivalent. On the other hand, 0{x) cannot be Levi- fiat 
either, since otherwise F would be a Ci?-isomorphism between two distinct 
Levi-flat -orbits in S)^-'-', while O^^^ is the only Levi-fiat orbit in D'^^K This 
implies that M is holomorphically equivalent to a 7?. '^■'^ -invariant domain in 
S)^-'^ which leads to (iv) of the theorem. 

The proof of the theorem is complete. □ 



5 Codimension 2 Orbits 

In this section we finalize our classification by allowing codimension 2 orbits 
to be present in the manifold. We will prove the following theorem (as before, 
we use the notation introduced in Section [2]). 

THEOREM 5.1 Let M be a (2, 3) -manifold. Assume that a G{M)-orbit of 
codimension 1 and a G{M)-orbit of codimension 2 are present in M. Then 
M is holomorphically equivalent to one of the following manifolds: 

(i) ©i; 

(a) Et with 1 < t < oo; 

(Hi) Ef^ with 1 < t < cx); 

(iv) Vtt with -1 < t < 1; 

(v) Ds with 1 < s < oo; 

(vi) Df^ with 1 < s < oo; 

(vii) dI"^ with n > 3, 1 < s < oo; 
(via) dI"^ with n > 1, -1 < s < 1; 
(ix) I)f ^ with 1 < t < oo. 



Proof: Since a codimension 1 orbit is present in M, it follows that there are 
at most two codimension 2 orbits (see [AAj ) . Let O be one such orbit. Parts 
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(iii) and (iv) of Proposition 11.11 yield that for every p E O the group 7° is 
isomorphic to Ui (in particular, G{M) has a subgroup isomorphic to f/i), and 
there exists an /^-invariant connected complex curve Cp in M that intersects 
O transversally at p. If O is a complex curve, one such curve Cp corresponds 
- upon local linearization of the Jp-action - to the Lp-invariant subspace 
{w = 0} of Tp{M), where the coordinates {z,w) in Tp{M) are chosen with 
respect to the decomposition of Tp{M) specified in (iii) of Proposition II. 1^ 
with {z = 0} corresponding to = Tp{0{p)); if, in addition, the isotropy 
linearization is given by (II. 2p . then the maximal extension of this curve is 
the only maximally extended complex curve in M with these properties. If 
O is a totally real orbit, Cp can be constructed from any of the two L^- 
invariant subspaces {z = ±iw} of Tp(M), where the coordinates {z,w) in 
Tp(M) are chosen so that Vp = {Imz = 0, Imw = 0} (see (iv) of Proposition 
II. ip : locally near p there are no other such curves. Clearly, there exists a 
neighborhood U of p such that U fl {Cp \ {p}) is equivalent to a punctured 
disk. 

Since there is a codimension 1 orbit in M, the group G(M) is either iso- 
morphic to one of the groups listed in Lemma [221 (if a strongly pseudo convex 
orbit is present in M) or to one of Gi, Go, G'q (if all codimension 1 orbits are 
Levi-fiat - see (12.21) and (14.21) ). Since Go and Gi do not contain subgroups 
isomorphic to f/i, the group G{M) in fact cannot be isomorphic to either 
of these groups. Let M' be the manifold obtained from M by removing all 
codimension 2 orbits, and suppose that G{M) is isomorphic to Gq. The sub- 
group of G"q isomorphic to f/i is unique and consists of all rotations in if , it 
is normal and maximal compact in Gq] we denote it by J. It follows from 
the proof of Theorem 14.31 that M' is holomorphically equivalent to 

Vs,t := {{z,w)eC^:Rez>0,s< \w\ < t] , 

where < s < t < oo, and either s > or t < cxd, by means of a map / that 
satisfies (13.91) for all g G G{M), q G M' and an isomorphism ip : G{M) —>■ Gq. 
Clearly, Ip = I := ip~^{J) for every p E O. In particular, Ip acts trivially on 
O for every p E O; hence O is a complex curve with isotropy linearization 
given by (11.20 . and there are no totally real orbits in M. The group G'q acts 
on C := V X CF^ (we set g{z, oo) := {Xz + if3, oo) for every g of the form 
(I4.2p ). This action has two complex curve orbits 



Or := Vx{0}, 
Os := V X {oo}. 



(5.1) 
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It is straightforward to observe that every connected J-invariant complex 
curve in Vs,t extends to a curve of the form 

Ar,„ := {z = zo} n Vs,u 

for some zq G V, which is either an annulus (possibly with infinite outer 
radius) or a punctured disk. Fix pq E O, let Cp^ be the unique maximally 
extended /-invariant complex curve in M that intersects O at po transversally, 
and let zq eV he such that /(Cp^ \ {po}) = A^zq. Since for a sequence {pj} in 

converging topo the sequence {f{pj)} approaches either {z = zq, \w\ = s} 
or {z = zq, \w\ = t} and Cpg \ {po} is equivalent to a punctured disk near po, 
we have either s = or t = oo, respectively. 

Assume first that s = 0. We extend / to a map from M := M' U O onto 
the domain 

Vt := {{z,w) G : Rez > 0, \w\ < t} = Vo,t U O7, 

by setting f{po) := go := (^o,0) G O7, with zq constructed as above. The 
extended map is 1-to-l and satisfies (13. 9p for all g G G{M), q G M. To prove 
that / is holomorphic on all of M, it suffices to show that / is continuous 
on O. We will prove that every sequence {pj} in M converging to po has 
a subsequence along which the values of / converge to go- Let first {pj} 
be a sequence in O. Clearly, there exists a sequence {gj} in G{M) such 
that Pj = gjPo for all j. Since G{M) acts properly on M, there exists a 
converging subsequence {gj^} of {gj}, and we denote by go its limit. It 
then follows that go E I and, since / satisfies (13. 9p . we obtain that {f{pj^.)} 
converges to go. Next, if {pj} is a sequence in M', then there exists a sequence 
{gj} in G{M) such that gjPj G Cp^. Clearly, the sequence {gjPj} converges 
to Po and hence {f{gjPj)} converges to go. Again, the properness of the 
G(M)-action on M yields that there exists a converging subsequence {gj^.} 
of {gj}. Let go be its limit; as before, we have 5^0 ^ I- Property (13. 9p now 
implies f{pjj = [^{gj^)]'^ figj^PjJ, and therefore {f{pjj} converges to go. 
Thus, / is holomorphic on M. If O' was another complex curve orbit, then, 
since t < 00, arguing as above we could extend / biholomorphically to a 
map from M' U O' onto Vt that takes O' onto O^. Then there exist non- 
intersecting tubular neighborhoods U and U' of O and O', respectively, such 
that f{U\0) = f{U'\0'), which contradicts the fact that / is biholomorphic 
on M'. Hence, O is the only codimension 2 orbit, and M is holomorphically 
equivalent to Vt- This is, however, impossible since d{Vt) = 6. 
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Assume now that t = oo. Arguing as in the case s = and mapping 
O onto Os, we can extend / to a biholomorphic map between M and the 
domain in C given by 

{{z,w) e : Rez > 0, \w\ > s} U Og = V,,oo U Os, 

which is holomorphically equivalent to Vi. This is again impossible, and we 
have ruled out the case when G{M) is isomorphic to G'q. 

It then follows that there is always a strongly pseudoconvex orbit in M 
and hence G{M) is isomorphic to one of the groups listed in Lemma 13.21 
Observe that the groups that arise in subcases (g), (h), (j'), (k), (m'), (n') 
of case (A) as well as in cases (D) and (F) do not have non-trivial compact 
subgroups; thus these situations do not in fact occur. In addition, arguing 
as in the proof of Theorem 13. ![ we rule out case (B). 

We now assume that a complex curve orbit is present in M. Let O be such 
an orbit. Then (iii) of Proposition 11.11 gives that O is equivalent to V. Fur- 
thermore, if for p E O the group 7° acts on O non-trivially (see (11.11) ). then 
there exists a finite normal subgroup H G Ip such that G{M)/H is isomor- 
phic to Aut(P) ~ ^02,1 (M)°; if /° acts on O trivially (see ([LlD), then there 
is a 1-dimensional normal compact subgroup H G Ip such that G{M)/H is 
isomorphic to the subgroup T C Aut(P) (see (13.71) ). In particular, every 
maximal compact subgroup of G{M) is 1-dimensional and therefore is iso- 
morphic to Ui. It then follows that for every p E O the group 1^ is a maximal 
compact subgroup of G{M) and hence Ip is connected. Observe now that 
in subcases (1), (1'), (1") of case (A) as well as in case (C) the group G{M) 
is compact. In case (G) the group G{M) is isomorphic to Ui x M^; thus 
no factor of G{M) by a finite subgroup is isomorphic to 5*02,1 (ffi)" and the 
factor-group of G{M) by its maximal compact subgroup is not isomorphic 
to T. Furthermore, in subcases (j), (j") the group G{M) is isomorphic to 
Ui X M^. This group has no 1-dimensional compact normal subgroups and 
cannot be factored by a finite subgroup to obtain a group isomorphic to 
5*02,1 (M)°. Therefore, if a complex curve orbit is present in M, we only need 
to consider subcases (m), (m"), (n), (n") of case (A), and case (E). 

We start with case (E) and assume first that for some point p G M there 
exists a Oi?-isomorphism between 0{p) and the hypersurface Sb for some 
6 > (see (d) in the proof of Theorem 13. ip . that transforms G{M)\o(p) into 
Gejet^ where G^^ is the group of all maps 

z ^ Xz + i(3, , . 
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with A > 0, V,/^ e M. 

We proceed as in the case of the group Gq considered above. In this 
case Levi-flat orbits are not present in M, and it follows from the proof of 
Theorem 13.11 that M' is holomorphically equivalent to 9^{,^s,t (see (13.131) ) for 
some < s < t < oo, with either s > or t < oo, by means of a map / that 
satisfies (13. 9p for all g G G{M), q G M' and an isomorphism : G{M) G^^- 
The only 1-dimensional compact subgroup of G^^ is the maximal compact 
normal subgroup J^'' given by the conditions A = 1, /? = in (15. 2p . Clearly, 
Ip = I := ip~^{J'^'') for all p & O, which implies, as before, that O is a 
complex curve with isotropy linearization given by (11.21) . and there are no 
totally real orbits. The group G^^ acts on C, and, as before, this action has 
two complex curve orbits O7 and Og (see (15. ip ). 

Further, every connected J^*-invariant complex curve in ^b,s,t extends to 
a curve of the form 

{Z = Zo} n '>Kb,s,t = |(-2, W) G : Z = Zq, 

{Rezo/tf < \w\ < {Rezo/sf 

for some zq G V, which is either an annulus or a punctured disk. As before, 
we obtain that either s = 0, or t = 00. 

If t = 00, we extend / to a biholomorphic map from M = M' U O onto 
the domain 

(tb,s ■■= {{z, u;) G : Re z > s\w\''] = ^b,s,oo U O-j. (5.3) 

Since s > 0, the orbit O is the only codimension 2 orbit, and hence M is holo- 
morphically equivalent to (tb,s- Similarly, if s = 0, then M is holomorphically 
equivalent to the domain 

{(2,w) G : < Re^ <t|ti;|^} UOg = %,0,tUO8, (5.4) 
which is equivalent to the domain 

Sb,t ■■= {iz,w) G : Rez > 0, \w\ < {t/RezY^''^ . 

This is, however, impossible since d{fBb^s) > 4 and d{£b,t) = 4. 

Assume now that in case (E) for some point p E M there exists a CR- 
isomorphism / between 0{p) and the hypersurface Sb for some 6 G Q, 6 > 0, 
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that transforms G{M)\o{p) into ^b\ei, (see Lemma 13.21 for the definitfon of 
QJb). Let b = ki/k2, for ki, ^2 e N, with {ki, /C2) = 1. 

As before, / extends to a bihofomorphic map between M' and ^b,s,t, 
where < s < t < 00, and either s > or t < cxd. The map / satisfies f l3.9p 
for all g G G{M), q G M' and an isomorphism if : G{M) — > ^J^. The group 
2Jb acts on C, and, as before, this action has two complex curve orbits and 
Oq. Every 1-dimensional compact subgroup of ^J^ is the isotropy subgroup 
of the points (^o,0) G and (2:0,00) G Os for a uniquely chosen zq G P. 
For Zq E V denote by J^^ the corresponding maximal compact subgroup of 

For every zq E V there is a family of connected closed complex 
curves in ^b,s,t invariant under the J|*-action, such that every J|^''-invariant 
connected complex curve in ^b,s,t extends to a curve from JF^. We will now 
describe J-'f (here Zq = 1); for arbitrary 2:0 G "P we have JF^ = g (^f^) , where 
G 5Jb is constructed from an element g G Aut(P) such that Zq = g{l). The 
family J-'f^ consists of the curves 

{ {z, w)eC^:iz^-l)'''=pw'''}n dlb,s,t, 

where p G C. Each of these curves is equivalent to either an annulus or a 
punctured disk. The latter occurs only for p = if either s = or t = 00, 
and for p 7^ if t = 00. If either s = or t = 00, the corresponding 
curves accumulate to either the point (1, 00) G Os or the point (1, 0) G Oj, 
respectively. 

Fix po G O. Since (p{Ipo) is a 1-dimensional compact subgroup of 03^, 
there is a unique zo eV such that (p{Ipo) = Jl^^. Consider any connected Jpg- 
invariant complex curve Cp^ in M intersecting O transversally at po- Since 
/(CpQ \ {po}) is Jf*-invariant, it extends to a complex curve C G JF^. If a 
sequence {pj} in Cp^ \ {po} accumulates to po? the sequence {f{pj)} accu- 
mulates to one of the two ends of C, and therefore we have either s = or 
t = 00. 

Assume first that t = 00. In this case, arguing as earlier, we can extend 
/ to a biholomorphic map between M and ^Bb^s by setting f{po) := go •= 
{zq, 0) G O7, where po and Zq are related as specified above. As before, it is 
straightforward to show that O is the only codimension 2 orbit in M, and 
hence it follows that M is holomorphically equivalent to (£b,s- Similarly, it 
can be proved that for s = the manifold M is holomorphically equivalent to 
Sb^f As before, this is impossible and thus in case (E) no orbit is a complex 
curve. 
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We now consider the remaining subcases of case (A). Suppose first that 
there is an orbit in M whose model is either some Ua, or some ria, or some 
r]a ■ It then follows from the poofs of Theorems 13.11 and 14.31 that M' is 
holomorphically equivalent to one of the following: Qg t with — 1 < s < t < 1 
(see (E^SD); D^^t with 1 < s < t < oo (see ([233)); ^i? with 1 < s < t < oo 
(see (12.591) ): d'^^J with -l<s<l<t<oo, where s = -1 and t = oo do 
not hold simultaneously (see (I2.72p ). 

Suppose first that M' is equivalent to ^ls,t, and let / be an equivalence 
map. The group TZ^ (see f l2.37p ) acts on the domain fli (see (I2.4UI) ) with 
the totally real codimension 2 orbit Or, (see (12.411) ). Every 1-dimensional 
compact subgroup of 71^, is the isotropy subgroup of a unique point in C5. 
For go ^ denote by J^^ its isotropy subgroup under the action of 71^. 
There is a family JF^^ of connected closed complex curves in Qs,t invariant 
under the Jg^^-action, such that every connected J^^-invariant complex curve 
in Qs,t extends to a curve from JF^. As before, it is sufficient to describe this 
family only for a particular choice of go- The family JF^qo) consists of the 
connected components of non-empty sets of the form 

{{z,w) e : z"^ + w"^ = p}nns,t, 

{{z,w) eC^ : z = iw}nns,t, (5.5) 
{{z,w) e : z = -iw} n Qs,t, 

where p G C*. Each of the curves from ^(qo) equivalent to either an 
annulus or a punctured disk. The latter is possible only for the last two 
curves and only for s = —1, in which case they accumulate to (0, 0) e C5. 

Now, arguing as in the second part of case (E) above, we obtain that 
s = — 1 and extend / to a map from M onto Qt such that f{0) = O5 G 
It can be shown, as before, that / is holomorphic on M. However, O is a 
complex curve in M whereas O^, is totally real in fit. Hence M' cannot be 
equivalent to Qs,t- 

Assume next that M' is equivalent to Ds^t by means of a map /. The 
group Rrj (see (12.441) ) acts on the domain Di (see (12.461) ) with the complex 
curve orbit O (see fl2.43p ). We again argue as in the second part of case (E) 
above. Every 1-dimensional compact subgroup of Rr, is the isotropy subgroup 
of a unique point in O. For go G C denote by J^^ its isotropy subgroup under 
the action of i?^. There is a family JF^ of connected closed complex curves in 
Dg t invariant under the J^^-action, such that every connected Jl'^-invariant 
complex curve in Dg t extends to a curve from JF^. The family q) consists 
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of the sets 

{{z,w) e : 1 + + fnv^ = 0} n D^^u 
{w = 0}n Ds,t, 

where p G C. Each of the curves from ^(^o) equivalent to an annulus for 
t < oo and to a punctured disk if t = oo, in which case it accumulates to 
(«,0) e O. 

As before, we now obtain that t = oo and extend / to a biholomorphic 
map from M onto Dg such that f{0) = O. It is straightforward to see that 
O is the only codimension 2 orbit; hence M is holomorphically equivalent to 
Dg, and we have obtained (v) of the theorem. 

Suppose now that M' is equivalent to S^^], and let / be an equivalence 
map. The group TZ^^^ (see (10)) acts on M*^^) (see (12.691) ) with the com- 
plex curve orbit O*^^^ (see (12.661) ) and the totally real orbit Oq (see (12.711) ). 
Every 1-dimensional compact subgroup of 7lS^^ is the isotropy subgroup of 
a unique point in each of 0^'^\ Oq. For qi E O^"^^ and q2 E Oq that have 
the same isotropy subgroup under the 7^*^^^-action, denote this subgroup by 
J^ g^. As before, there is a family ^^^j of connected complex closed curves 

in D^gJ invariant under the J® ^^"^ction, such that every connected J^^q^' 
invariant complex curve in D^J extends to a curve from ^^q^- The family 
•^(ai ro) (0 -i) consists of the connected components of the sets 

{(zi, Z2, zs) eC^:zl + zl + pzl = 0} n Dg, 

{^3 = 0}nDg, 



{(^1,22,2:3) G : =i^2}ns)i'^ 



(1) 



(5.6) 



{(^1,^2,^3) G C3 : 2;i = -22:2} nDg 



where p G C*. Each of the sets from ^®.i.j.o) (0 -i) equivalent to either an 
annulus or a punctured disk. If s > — 1, the latter can only occur for t = 00, 
in which case the corresponding curves accumulate to (0 : 1 : i : 0) G O'-^-*; 
if t < CX3, it occurs only for the last two curves provided s = — 1, and in this 
case they accumulate to (0, 0, —i) G 06- 

It now follows, as before, that either s = — 1 or t = 00. If s = — 1 we 
can extend / to a biholomorphic map between M' and S)f ^ (see (l2T2l) ) that 
takes O onto O^. This is impossible since O is a complex curve in M and 0% 
is totally real in 'fi'f^ . Hence t = 00, and we can extend / to a biholomorphic 
map between M and D^^^ (see (12.721) ). It is straightforward to see that O is 
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the only codimension 2 orbit in M, and thus M is holomorphically equivalent 
to D^}^\ which is a manifold listed in (viii) of the theorem. 

Next, the case when M' is equivalent to D).J is treated as the preceding 
one. Here we parametrize maximal compact subgroups of TZ^^^ by points in 
0^'^\ and for the point (0 : 1 : i : 0) G O*-^-* the corresponding family of 
complex curves consists of sets constructed as family (15.61) . where the curves 
appearing on the left must be intersected with D^^} rather than D^^'J (note, 
however, that the second last intersection is empty). As above, we obtain 
that t = oo and that M is holomorphically equivalent to Dl (see (12.671) ). 
We now recall that vf'^ is equivalent to (see (11) (c)), and, excluding the 
value s = 1, obtain (vi) of the theorem. 

We now assume that M' is holomorphically equivalent to one of the n- 
sheeted covers, for > 2, of the previously considered possibilities: fl^J^^ 

(the cover of ^s,t) with — l<s<t<l - see (12.541) : 0^""^ (the cover of 

Dgt) with 1 < s < t < oo, where n is odd - see (10); -D^^"^ (the cover 

of Z^IJ) with 1 < s < t < oo - see f l239|l : D^"^ (the cover of D^^]) with 
— l<s<l<t<oo, where s = — 1 and t = oo do not hold simultaneously 
- see (11) (d). We will now formulate a number of useful properties that hold 
for the covers. These properties (that we hereafter refer to as Properties (P)) 
follow from the explicit construction of the covers in (10), (11). 

Let S be one of ^ls,t, Ds^t, DfJ, TifJ and let S'*^"-' be the corresponding 
n-sheeted cover of 5* (for S = Dg^t we assume that n is odd). Let H := G{S) 
and := G (^(")). Then we have: 

(a) the group if*-") consists of all lifts from S to S^""^ of all elements of H, 
and the natural projection ti : H^"'^ ^ H is a Lie group homomorphism and 
realizes H^"'^ as an n-sheeted cover of H; 

(b) it follows from (a) that for every maximal compact subgroup Kq C H 
(all such subgroups are isomorphic to Ui) the subgroup 7c~^{Ko) is maximal 
compact in H^^\ and all maximal compact subgroups of H^^^ are obtained 
in this way; 

(c) for every maximal compact subgroup K C the family of all K- 
invariant complex curves in consists of the lifts from S to 5^") of all 
7r(ir)-invariant complex curves in S, where every connected 7r(i^')-invariant 
curve C is lifted to a unique connected /^-invariant curve C*^"-* (in particular, 

covers C in an n-to-1 fashion); 
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(d) if S is one of Dg^t, D^J, 'DgJ, then every maximal compact subgroup 
K C is the isotropy subgroup - with respect to the if*^")-action - of a 
unique point in O^"'^ (see (11) (b)) in the first case, and a unique point in 
0(2n) j^ggg (12.651) ) in each of the other two cases; every iiT-invariant closed 
complex curve in S'^"^ equivalent to a punctured disk accumulates to this 
point (provided, for S = D^^}, we assume that s > —1). 

Properties (P) yield that if M' is equivalent to either D^"^ for odd n or 

Dg^"'' for n > 2, then t = oo and M is holomorphically equivalent to either 

Ds (see (ESHD) or Df"^ (see (^M>), respectively; this gives (vii) of the 
theorem. 

Suppose now that M' is equivalent to by means of a map /. Then 
Properties (P) imply that s = —1. Recall that \E'i,o : fi^i^ ^-i,t is an 
n-to-1 covering map (see (10)). Consider the composition / := o <|>[r^ o /. 
This is an n-to-1 covering map from M' onto Q-i^t satisfying (13.91) for all g G 
G{M), q G M', where ip : G{M) TZy is an n-to-1 covering homomorphism. 
Fix po £ O. Since Kq := (p{Ipo) is a maximal compact subgroup of TZi,, there 
is a unique go £ C's such that Kq is the isotropy subgroup of go under the 
7^i.-action on Qi. We now define f{po) '■= %■ Thus, we have extended / to 
an equivariant map from M onto Vtt that takes O onto O^. As before, it can 
be shown that / is holomorphic on M. However, is totally real in t 
and therefore M' cannot in fact be equivalent to ^^^l . 

Let M' be equivalent to S^"'', and let / be an equivalence map. In this 
case Properties (P) imply that either s = —1 or t = oo. If s = —1, arguing as 
in the preceding paragraph, we extend the map / := o/ to a holomorphic 
map from M onto that takes O onto Oq. As before, this is impossible 
since Oq is totally real in and therefore we in fact have t = oo. In this 
case Properties (P) yield that M is holomorphically equivalent to and 
we have obtained (viii) of the theorem. 

We now assume that every codimension 2 orbit in M is totally real. 
We will go again through all the possibilities for the group G{M) listed 
in Lemma 13.21 paying attention to constraints imposed on G{M) by this 
condition. In what follows O denotes a totally real orbit in M. In case 
(E) with G{M) isomorphic to Gs^ (see (15. 2p ) we obtain, as before, that 
Ip = I := (/?"^(J^'') for every p E O, and thus Ip acts trivially on 0{p) for 
every p E O which contradicts (iv) of Proposition 11.11 A similar argument 
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gives a contradiction in case (G). In case (E) with G{M) isomorphic to 23;, 
the argument given above for the case of complex curve orbits shows that 
/ extends to a biholomorphic map between M and either (Eb^s (see (15 .Sp ) or 
domain (15 ■4p . with either /(O) = O7 or f{0) = Og, respectively, which is 
impossible, since O is totally real, whereas Oq, O-j are complex curves. Next, 
in subcase (1') of case (A) the group G{M) is isomorphic to SU2, which 
implies that M is holomorphically equivalent to one of the manifolds listed 
in |IKru2j . However, none of the manifolds on the list has a totally real orbit. 
Therefore, it remains to consider subcases (j), (j"), (1), (1"), (m), (m"), (n), 
(n") of case (A), and case (C). 

We start with case (C). In this situation G{M) is isomorphic to SU2-, if 
m is odd and to SU2/ {±id}, if m is even. To rule out the case of odd m we 
again use the result of )IKru2j . We now assume that m is even. In this case 
M' is holomorphically equivalent to Sm,s,t (see (13.120 ). with < s < t < 00, 
by means of a map / that satisfies (13.91) for all g G G(M), q G M' and some 
isomorphism ip : G{M) — > SU2/ {±id}. 

Fix po in O and consider the connected compact 1-dimensional subgroup 
(^(/°J C SU2/ {±id}. It then follows that (^(/°J is conjugate in SU2/ {±id} 
to the subgroup that consists of all elements of the form 

where ip E M (see e.g. Lemma 2.1 of [IKrulj ). Suppose that po is chosen 
so that V'(/po) = J'^- Let Cp„ be a connected /p^^-invariant complex curve in 
M that intersects O transversally at po. Then f{Gp^ \ {po}) is a connected 
J^-invariant complex curve in Sm,s,t- It is straightforward to see that ev- 
ery connected J^-invariant complex curve in Sm,s,t extends to a closed curve 
equivalent to either an annulus or a punctured disk. The only closed con- 
nected J-^-invariant curves in Sm,s,t that can be equivalent to a punctured 
disk (which only occurs for s = 0) are 

({Z = 0}/Z^) n Sm,s,t 

and 

(^{W = 0}/Z„) n Sm,s,t. 

Therefore, the curve f{Cp^ \ {po}) extends to one of these curves, and we 
have s = 0. 
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Let Bt be the ball of radius t in and Bt its blow-up at the origin, i.e. 

Bt :=[ [{z,w), (e : C)] ^ x CF' : < = w^] , 

where : () are the homogeneous coordinates in CP^. We define an action 
of U2 on Bt as follows: for g & U2 and {z, w),{^ : C)] £ -B* set 

9 



where in the right-hand side we use the standard actions of U2 on and 
CP^. Next, we denote by Bt/'Lm the quotient of Bt by the equivalence relation 



2-7ri 



Let 



,z,w 



i,(e:C)]} e Bt/Z^ be 

the equivalence class of {z^w)^ (C • C) ^ -^t- We now define in a natural 

way an action of SU2/ {±id} on Bt/1>rn'- for | (2;, w), : C) | ^ Btj'Ljn a-nd 
^ {±id} e {±id} we set 

g {±id} { [(^, C)] } := {9 {{z. w),{i: C)] } . 



The points 



(0,0), (e:C) 



form an S'f/2/ {±id}-orbit that we denote by 
Cg; this is a complex curve equivalent to CP^. Everywhere below we identify 

with Bt/Z^ \ Og. 

For qq e let be the isotropy subgroup under the action of 
SU2/ {±id}. It is straightforward to see that every subgroup J^^ is conju- 
gate to J'-' in SU2/ {±id} and that for every go there is exactly one Qq G Oq, 
q'o %j such that J^^ = (for example, is the isotropy subgroup of each 

of I (0, 0), (1:0) I and | (0, 0), (0 : 1) }). Fix go e Og and let po G O be 

such that filpg) = Jg^^- As we noted at the beginning of the proof of the 
theorem, there are exactly two connected /p^^-invariant complex curves Cp^ 
and in a neighborhood of po that intersect O at po transversally. The 
curves /(Cp^ \ {po}) and /{Cp^ \ {po}) extend to the two distinct closed 
J^-invariant complex curves in Bt/l^m \ O9 that are equivalent to a punc- 
tured disk. Since there are no other closed J^-invariant complex curves in 

Bt/Zjn \ Og equivalent to a punctured disk, it follows that ^ for every 
Po ^0,p'q^ Po. 
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Observe that if q, q' E Og, q ^ q', are such that = =: J, then one of 
the J-invariant complex curves equivalent to a punctured disk accumulates 
to q and the other to q'. Therefore, we can extend ^ := to a map from 
Bt/Zm onto M by setting ^{qo) : = Po, where go ^ C'g and po E O are related 
as indicated above (hence ^ is 2-to-l on Og). As before, it can be shown that 
^ is continuous on Bt/Zm and thus is holomorphic there. However, ^ maps 
the complex curve Og C -B^/Z^ onto the totally real submanifold O C M, 
which is impossible. Hence, M' cannot be equivalent to Sm,s,t- 

We now consider the remaining subcases of case (A). In subcase (j) the 
manifold M' is holomorphically equivalent to &s,t for < s < t < oo (see 
(12.91) ). The group 71^ (see (I2.10p ) acts on with the only codimension 2 
orbit O2 (see (12.13^ ). The isotropy subgroup of a point {iyo,ivo) G O2 is the 
group J^y^ of all transformations of the form f l2.10p with (3 = — cosip ■ 
yo — sin i(j ■ vq, 'J = vq + sin ip ■ yo — cos ip ■ vo, where 

f cos ip sinip \ 
y — sin ip cos -ip J ' 

with ^ G M. Note that these subgroups are maximal compact in TZ^ (which 
implies that Ip is connected for every p E O), and the isotropy subgroups of 
distinct points in O2 do not coincide. 

We now argue as in the second part of case (E) for complex curve orbits. 
There is a family J-'^^ of connected closed complex curves in (5^,* invariant 
under the J^y^ ^^^-action, such that every connected J^y^ ^^^-invariant complex 
curve in &s t extends to a curve from JF®^ ^^^y The family ^®o) consists of the 
connected components of non-empty sets analogous to (15.51) . where the sets 
on the left must be intersected with ©<. j rather than flgf Among the curves 
from ^®o)5 only the last two can be equivalent to a punctured disk. This 
occurs only for s = 0, in which case the curves accumulate to (0,0) G O2. 
Arguing as before, we can now construct a biholomorphic map between M 
and &t (see (12.121) ). Clearly, Gt is equivalent to &i, and we have obtained 
(i) of the theorem. 

Consider subcase (j"). In this situation M' is holomorphically equivalent 
to the n-sheeted cover ©i"^ of &s,t for < s < t < 00, n > 2 (see (l215ll ). 
by means of a map /. From the explicit construction of the covers in (4) 
it follows that Properties (P) hold for S = &s,t- Let / := ^^"^ o /, where 
: ei"^ ^ Gs,t is the n-to-1 covering map defined in (I2.14p . Arguing as 
in the case of complex curve orbits when M' was assumed to be equivalent 
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to 0^"^ we extend / to a holomorphic map from M = M' U O onto &t, that 
takes O onto (92- 

Suppose that the differential of / is degenerate at a point in O. Then, 
since / satisfies (13. 9p . its differential degenerates everywhere on O. Since O 
is totally real, it follows that the differential of / is degenerate everywhere 
in M. This is impossible since / is a covering map on M', and thus / is 
non-degenerate at every point of O. Hence, for every p ^ O there exists a 
neighborhood of p in which / is biholomorphic. Fix pq & O and let Cpg be 
a connected Jpg-invariant complex curve intersecting O at po transversally 
(observe that Ipg is connected). Then it follows from (c) of Properties (P) 
that f {Cpg\{po}) covers f {Cpg\{po}) in an n-to-1 fashion, and hence / cannot 
be biholomorphic in any neighborhood of Pq. This contradiction yields that 
M' cannot be equivalent to ©i"'*. 

Consider subcase (1). In this situation M' is holomorphically equivalent 
to Es,t for 1 < s < t < oo (see (ESI). The group (see (EJl) acts on CP^ 
with the totally real orbit Os (see (I2.27P ). Every connected 1-dimensional 
compact subgroup of 71^ is conjugate in TZfj, to the subgroup that consists 
of all matrices of the form 

/I \ 

I cosV' sinip , (5.7) 
\ —sinip cos ip J 

where ip E M. (this follows, for instance, from Lemma 2.1 of [IKrul] ). It 
is straightforward to see that the isotropy subgroup of a point q E 
under the 7^^-action is conjugate to (note that = ^(^.q o)) ^"^^ ^^at the 
isotropy subgroups of distinct points do not coincide. 

There is a family J^^ of connected closed complex curves in Eg^t invariant 
under the J^-action, such that every connected J^-invariant complex curve in 
Es^t extends to a curve from . The family .q-q) consists of the connected 
components of non-empty sets of the form 

{{C:z:w)e ■.z'^ + w'^ = pC^} n Es,u 
{((: z:w) eC^'^ : z = iw}nEs,t, 
{(C : z : w) e C^'^ : z = -iw} H 

where p G C*. Among the curves from ^(f.Q o)' only the last two can be 
equivalent to a punctured disk. This occurs only for s = 1, in which case 
the curves accumulate to (1 : : 0) G O-^. Arguing as before, we can now 
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construct a biholomorphic map between M and Et (see fl2.26p ). which gives 
(ii) of the theorem. 

Further, in subcase (1") M' is holomorphically equivalent to E). / for some 
1 < s < t < oo (see (12.290 ). Let / be an equivalence map that satisfies 
(K9h for all g E G{M), q e M' and some isomorphism (p : G{M) 7^[f^ 
(see flOOD V The group 7^!f^ acts on Q+ (see (12:281) ) with the totally real 
orbit O4 (see fl2.35p ). All 1-dimensional compact subgroups are described as 
in subcase (1) - see (15. 7p . The isotropy subgroup of a point g G O4 
under the 7^)^ -action is conjugate to J'^, and for every g G 04 there exists 



(2) 



(2) 



(note that q' = —q and 



exactly one q' E O4, q' q, for which 

Again, there is a family J-'g'^^^ of connected closed complex curves in E^^ 
invariant under the -action, such that every connected -invariant 



n(2) 



extends to a curve from JF, 



£;(2) 



complex curve in E^^^ ^..^^^.^^ ^^^.^ „ ^ 

consists of the connected components of non-empty sets of the form 



The family ^(±J'o,o) 





{(^1, 


Z2, 


^3) G C3 


^2 


+ zl 




:= {(^1, 


Z2, 






= 1, 




:= {(^1, 


Z2, 


^3) G C3 


Zl 


= 1, 


^3 


:= {(^1, 


Z2, 


^3) e C3 


Zl 




u 


:= {(^1, 


^2, 


^3) e C3 


Zl 





pzf}nE 



(2) 

S,4 5 



Z2 = 
Z2 = 
-1, Z2 
-1, ^2 



(2) 



.(2) 



-^Z3} n 



(2) 



where p E C*. Among the curves from ^(^^100)' o^ily can be equivalent to 
a punctured disk, which occurs only for s = 1. It then follows that s = 1, 
and in this case Ci, ^2 accumulate to (1, 0, 0) G O4, while C3, accumulate 
to (-1,0,0) G O4. 



Fix po G O and let go G 04 be such that '/'(/pg) = J^'^' and such that, 
for a Jp -invariant complex curve Cp^ intersecting O at po transversally, the 



curve / (Cpo \ {Po}) extends to a complex curve from J-'E^^^ that accumulates 



go 



(2) 



to go. We extend := / ^ to a map from E^ (see f l2.34p ) onto M 
M' U O that takes O4, onto O. Define 5^(go) := po and for any h E TZ 
set d{hqo) := ip~^{h)po. Since (^'^g'o'^') -^po; ^^i^ well-defined. 
Furthermore, the extended map satisfies fl3J0D for all h E TZ):' , q E El \ and 



for every g G 04 there exists a J':' -invariant complex curve € in E^^^ that 



(2) 
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intersects O4 at q transversally and such that ^ {€ \ {q}) is an /^j-g^-invariant 
complex curve that accumulates to dil)- Arguing as in the second part of 
case (E) for complex curve orbits, we now obtain that ^ is holomorphic on 
eI'^\ Further, as in subcase (j") above, we see that ^ is locally biholomorphic 
in a neighborhood of every point in O4. 

We will now show that is 1-to-l on O4,. Suppose that for some q, q' G 
q 7^ q', we have ^{q) = dil') = P for some p E O. Since ^ satisfies f l3.10p . we 

have J^'^' ~ '^q' ~ V^(-^p); therefore q' = —q. Consider the four J^*^'- 

(2) 

invariant connected complex curves in E\ ( equivalent to a punctured disk; 
a pair of these curves accumulates to g, while the other pair accumulates 
to —q. The curves are mapped by ^ into four distinct Jp-invariant complex 
curves in M' whose extensions in M intersect O transversally at p. However, 
as we noted at the beginning of the proof of the theorem, there are exactly 
two Jp-invariant complex curves near p that intersect O transversally at p. 

This contradiction yields that is a biholomorphic map from El onto M. 

It can be now shown, as before, that O is the only codimension 2 orbit in 

(2) 

M, which gives that M is holomorphically equivalent to El , and we have 
obtained (iii) of the theorem. 

It now remains to consider subcases (m), (m"), (n), (n"). We will proceed 
as in the situation when a complex curve orbit was assumed to be present in 
M. If M' is equivalent to one of Ds^t, D^^} for n > 2, D^"^ for n > 1 (where 
in the last case we assume that s > —1), we obtain a contradiction since O 
is totally real in M whereas O and O^"-* for n > 2 are complex curves in 
the corresponding manifolds. Further, if M' is equivalent to fls,t, we obtain 
that s = — 1 and M is holomorphically equivalent to Qf Recalling that fli 
is equivalent to (see (11) (c)) and excluding the value t = 1, we obtain 
(iv) of the theorem. Next, If M' is equivalent to then M is equivalent 

to which are the manifolds in (ix) of the theorem. 

Suppose now that M' is equivalent to Q^J^^ for some —l<s<t<oo. 
In this case we obtain a holomorphic map / from M onto fit that takes O 
onto O5 and such that /|m' is an n-to-1 covering map from M' onto fl-i,t- 
Now, arguing as in subcase (j"), we obtain that the differential of / is non- 
degenerate at every point of O which leads to a contradiction. Finally, a 
similar argument leads to a contradiction if M' is equivalent to SD^^^ for 
n>2. 

The proof of the theorem is complete. □ 
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